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Chapter 1

Introduction

Measurement of the hyperfine structure (HFS) of the ground state of muonium is

planned at Japan Proton Accelerator Complex (J-PARC). The experimental apparatus

has been constructed at Muon Science Establishment (MUSE) at Material and Life

Science Experimental Facility (MLF) in J-PARC, which provides the world’s highest

intensity pulsed muon beam.

Muonium is a hydrogen-line bound state of positive muon and electron, and its

chemical symbol is Mu. The HFS of Mu is a good probe for testing Quantum elec-

trodynamics(QED) theory. The muon mass mµ and magnetic moment µµ which are

fundamental constants of muon are determined from the Mu HFS experiment at Los

Alamos Meson Physics Facility (LAMPF). This thesis describes the technical design of

the experiment and provides a detailed analysis of systematic uncertainties.

Muonium HFS can be determined by both a direct measurement in zero field and

an indirect measurement of Zeeman effect in strong magnetic field. For the precise

experiment, the RF system should have a stable RF feedback system and a tunability

of resonance frequency in the cavity. The gas system has a precise pressure gauge and

sampling bottles to analyze the purity in a gas. A magnetic shield is need for zero field

experiment to suppress external magnetic field at the level of 100 nT.

From the simulation, uncertainties of both measurements are less than that of previ-

ous experiments. We aim to start zero field experiments in 2016, high field experiment
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Chapter 1 Introduction

in 2017.

This thesis is organized as follows: experimental and theoretical backgrounds and

physics of Mu HFS measurement are described in Chapter 2. Chapter 3 gives a de-

scription of procedure of the measurement. Developments and performance tests of

apparatuses is introduced in Chapter 4. Estimation of systematic uncertainties and

procedure of analysis are discussed in Chapter 5. Finally, conclusion of this thesis and

the future prospect of the experiment are described.
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Chapter 2

Overview of Mu HFS experiment

In this chapter, The overview of the Mu HFS experiment is described. The history of

measurement of hyperfine structure of hydrogen-like atom is described in Section 2.1.

Breit-Rabi diagram which describes the energy diagram of hydrogen-like atoms in

a strong magnetic field is introduced in Section 2.2. Section 2.3 describes the latest

theoretical results of the Mu HFS value and the progress of the calculation.

Section 2.5 describes latest results of both Mu HFS measurement in a zero magnetic

field and a high magnetic field.

2.1 Measurement of HFS transition of Hydrogen-

like atoms

Spectroscopy of hydrogen-like atom has played a great role in scientific developments

since the birth of quantum physics. Bohr model of atoms was constructed by from

spectroscopic data of hydrogen. In a similar way, current quantum mechanics is based

on spectroscopy of hydrogen as shown in Figure 2.1 (e.g. formulation of Bohr’s model,

explaining fine structure by relativistic quantum mechanics and explaining lamb shift

by QED). Recent technology upgrades enable all the higher precision spectroscopy. For

instance, the accuracy of spectroscopy of the 1s-2s transition in hydrogen is 0.0042 ppt

[13] and that of ground state hyperfine structure (HFS) is 0.6 ppt [14, 15].
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n=2

n=1

Bohr’s model Fine structure QED(Lamb shi!) Hyperfine

Figure 2.1: Developments of spectroscopy of hydrogen atom. Energy splitting between

the red lines is ground state hyperfine splitting.
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2.1.1 HFS transition of hydrogen

The latest result of ground state HFS transition of hydrogen is

∆νex
H = 1.4204057517667(9) GHz (0.6 ppt) [15]. (2.1)

Theoretical calculation predicts as high as 560 ppb like

∆νth
H = 1.4204031(8) GHz (560 ppb) [16]. (2.2)

The accuracy of the experimental result is much better than that of the theoretical

calculation. The main reason comes from the proton internal structure. Thus such

a system which contains a composite particle is not suitable for precise test of QED

theory.

2.1.2 HFS transition of positronium

Another example of hydrogen-like atom is positronium. Positronium is a bound state

of electron e− and positron e+, and its chemical symbol is Ps. Since it is a purely

leptonic atom and effectively free from the hadronic effects and the weak interactions,

it is suitable for the test of bound-state QED compared with hydrogen. The combined

value of the two most precise experiments is

∆νex
Ps = 203.38865(67) GHz (3.3 ppm) [17]. (2.3)

The value of theoretical calculation is

∆νth
Ps = 203.39169(41) GHz (2.0 ppm) [18]. (2.4)

The value of theoretical calculation has 3σ deviation from the experimental result

which has been under discussion for a long time. Recently, a new precision measure-

ment of Ps-HFS free from possible common uncertainties from Ps thermalization effect

was performed to check the Ps-HFS discrepancy at University of Tokyo. The new

experimental value is

∆HFSth
Ps = 203.3942± 0.0016(stat.)± 0.0013(sys.) GHz (2.0 ppm) [19], (2.5)
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in which the first uncertainties are statistical and the second are systematic. It favors

the QED calculation within 1.2 standard deviation.

2.1.3 HFS transition of muonium

Ground state hyperfine transition of muonium is also studied many times in the past.

Muonium is a bound state of positive muon µ+ and electron e−, it is also a leptonic

system as positronium. The latest result by LAMPF is

∆νex
M = 4.463302765(53) GHz (12 ppb) [4]. (2.6)

The latest theoretical calculation is

∆νth
M = 4.463302891(272) GHz (61 ppb) [1], (2.7)

which are consistent with each other. Since muonium is a pure leptonic atom, the

value of Mu HFS transition is able to be calculated with great precision from QED as

Equation 2.7, unlike the case of hydrogen (see Equation 2.2). Moreover, the accuracy

of theoretical calculation of Mu HFS will be improved by higher-order QED calculation

(see Section 2.3).

2.2 Breit-Rabi diagram

There are two methods to measure Mu HFS, in a zero magnetic field and in a high

magnetic field. We aim to measure the value by using both methods to control system-

atic uncertainties. In this section the theoretical background of measurement in high

field is described.

In a magnetic field, the Zeeman effect splits the energy levels of the muonium

ground state. Spin Hamiltonian of muonium is expressed as[20]

Ĥ = ωµIz + ωeSz + ω0IS, (2.8)
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where ωµ is muon Zeeman interaction, ωe is electron Zeeman interaction and ω0 is

hyperfine interaction, expressed as

ωµ = g′µµ
µ
BB = +

g′µ
2

|e|
mµ

B, (2.9)

ωe = gJµ
e
BB = −gJ

2

|e|
me

B, (2.10)

where g′µ and gJ are from the free muon and electron g values gµ and ge with the

relativistic binding correction as[21]

g′µ = ge(1−
1

3
α2 +

α2

2

me

mµ

), (2.11)

gJ = gµ(1−
1

3
α2 +

α2

2

me

mµ

+
α3

4π
), (2.12)

where α is fine structure constant. To determine the energy eigenvalues, we must
diagonalize the matrix of the Hamiltonian function Ĥ as

Ĥ


|αα⟩

|αβ⟩

|βα⟩

|ββ⟩

 =


1
2
ωe + 1

2
ωµ + 1

4
ω0 0 0 0

0 1
2
ωe − 1

2
ωµ − 1

4
ω0

1
2
ω0 0

0 1
2
ω0 − 1

2
ωe + 1

2
ωµ − 1

4
ω0 0

0 0 0 − 1
2
ωe − 1

2
ωµ + 1

4
ω0




|αα⟩

|αβ⟩

|βα⟩

|ββ⟩

 ,

(2.13)

where α and β are eigenfunctions of muon and electron corresponding to spin orien-

tation in the positive z direction and negative z direction. The spin eigenfunctions

are

|1⟩ = |αα⟩ , (2.14)

|2⟩ = c |αβ⟩+ s |βα⟩ , (2.15)

|3⟩ = |ββ⟩ , (2.16)

|4⟩ = c |βα⟩ − s |αβ⟩ . (2.17)

s and c are

s =
1√
2
(1− x√

1 + x2
)1/2, (2.18)

c =
1√
2
(1 +

x√
1 + x2

)1/2, (2.19)
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where x is the term proportional to the magnetic field (B) as

x =
(gJµ

e
B + g′µµ

µ
B)

ω0

B. (2.20)

The energy eigenvalues(EB
HFS) are given in the above matrix as

EB
HFS(|1 >) = +

ω0

4
+

1

2
(ωe + ωµ), (2.21)

EB
HFS(|2 >) = −ω0

4
+

ω0

2

√
1 + x2, (2.22)

EB
HFS(|3 >) = +

ω0

4
− 1

2
(ωe + ωµ), (2.23)

EB
HFS(|4 >) = −ω0

4
− ω0

2

√
1 + x2. (2.24)

These four eigenvalues can be organized as,

EB
HFS(F =

1

2
± 1

2
,mF ) = −ω0

4
+ g′µµ

µ
BmFB ±∆

ω0

2

√
1 +

4mFx

2I + 1
+ x2. (2.25)

where mF is represented as magnetic quantum number.

Figure 2.2 is the Breit-Rabi diagram which shows that the ground state splits into

four substates in a static magnetic field. ν12 and ν34 are calculated from Equation 2.25

as

hν12 = −g′µµ
µ
BB +

ω0

2
[(1 + x)−

√
1 + x2], (2.26)

hν34 = +g′µµ
µ
BB +

ω0

2
[(1− x)−

√
1 + x2]. (2.27)

According to Equation 2.26 and 2.27, transition frequency of Mu HFS in zero

magnetic field ω0 is obtained by

ω0 = ν12 + ν34. (2.28)

Thus the Mu HFS transition energy is obtained by summing ν12 and ν34 in a common

magnetic field.
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Figure 2.2: Energy levels of the Mu HFS as a function of external magnetic field. There

are two methods to measure Mu HFS, in a zero field and in a high magnetic field.
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2.3 Theory of Mu HFS

Theoretical calculation of Mu HFS is reviewed in CODATA2010 [1] as follows.

Following QED theory, Mu HFS is able to expressed as

∆νth
M = ∆νF(1 + αµ)(1 +

3

2
(Zα)2 +

17

8
(Zα)4 + ...)

+ ∆νrad +∆νrec +∆νr−r +∆νweak +∆νhad. (2.29)

where Z is the charge number of the nucleus which for muonium is 1, α is the fine

structure constant, aµ is the muon magnetic moment anomaly, EF is Fermi energy

given by

EF =
16

3
(Zα)2R∞

µµ

µp

(1 +
me

mµ

)−3, (2.30)

the terms labeled, rad, rec, r–r, weak, had account for the radiative recoil, radiative-

recoil, electroweak, and hadronic contributions to the hyperfine splitting, respectively.

The radiative corrections are

∆νrad = ∆νF(1 + aµ)(D
(2)(Zα)(

α

π
) +D(4)(Zα)(

α

π
)2 +D(6)(Zα)(

α

π
)3), (2.31)

where the functions D(n)(Zα) are contributions from n virtual photons. The leading

term is

D(2)(Zα) =
1

2
+ (ln 2− 5

2
)πZα

+ (−2

3
ln2(Zα)−2 + (

281

360
− 8

3
ln(2)) ln(Zα)−2 + 16.9037...)(Zα)2

+ ((
5

2
ln 2− 547

96
) ln (Zα)−2)π(Zα)3

+ G(Zα)(Zα)3. (2.32)

The function G(Zα) accounts for all higher-order contributions in powers of Zα; it can

be divided into self-energy and vacuum polarization contributions, G(Zα) = GSE(Zα)+

GVP(Zα).

The one-loop self-energy for the Mu HFS have calculated with the result

GSE(α) = −13.8308(43)[1]. (2.33)
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The vacuum polarization part is

GSE(α) = 7.227(9)[1]. (2.34)

The leading term of weak interaction is induced by the neutral currents given by a

Z-boson exchange. The contribution is expressed as [22, 1]

∆νweak ≈ −65 Hz. (2.35)

where GF is the Fermi constant of the weak interaction. Second largest contributions

of weak interaction are 1 % of the leading contribution (see Equation 2.35) and thus

negligible [23].

The leading term of hadronic contribution is presented in the form [24, 1]

∆νhad−vp = 236(4) Hz. (2.36)

where Z is the nuclear charge.

The total uncertainty of four principle sources νrad, νrec, νr−r, and , νhad is 98 Hz.

Then the theoretical value is obtained as

∆νth
M = 4.463302891(272) GHz (61 ppb) [1], (2.37)

by using values of the constants obtained from the 2010 adjustment without the two

LAMPF measured values of ν12 and ν34. The main source of uncertainty in this value

is the mass ratio
mµ

me

.

2.4 Muon magnetic moment and mass fromMuHFS

experiment

The muon–proton magnetic moment ratio
µµ

µp

is obtained by measurement of Mu HFS

in high field as
µµ

µp

=
∆νex

M
2 − ν2

(
fp + 2sefpνfp

)
4sef 2

p − 2fpν(fp)
(
gµ(Mu)

gµ
)−1, (2.38)
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where ∆νex
M and νfp are the sum and difference of two measured transition frequencies,

fp is the free proton NMR reference frequency corresponding to the magnetic field used

in the experiment,
ge(Mu)

ge
is the bound-state correction for the muon in muonium and

se =
µe

µp

gµ(Mu)

gµ
, (2.39)

where
gµ(Mu)

gµ
is the bound-state correction for the electron in muonium.

The most precise value for
µµ

µp

obtained by the Mu HFS experiment at LAMPF [4]

and the recommended value of
µµ

µp

from CODATA2010 [1] are

µµ

µp HFS

= 3.18334524(37), (2.40)

µµ

µp CODATA

= 3.183345107(84). (2.41)

mµ

me

is also obtained by
µµ

µp

and the equation

mµ

me

=
gµ
2

µp

µµ

µe
B

µp

. (2.42)

The value from the experiment and the recommended value of
mµ

me

from CO-

DATA2010 [1] are

mµ

me HFS

= 206.768276(24), (2.43)

mµ

me CODATA

= 206.7682843(52). (2.44)

The uncertainty of the value from Mu HFS is about five times higher than the un-

certainty of the recommended value of CODATA2010[1]. The reason is that the value

from CODATA is obtained by the comparison of experimental value of Mu HFS(∆νex
M )

and theoretical value(∆νth
M ) whose parameter α is coming from the average of other

data (see Figure 2.3) which is siginificantly small uncertainty.

2.4.1 Testing QED theory

Contrary to Subsection2.4, fine structure constant α can be obtained from comparison

of experimental value of Mu HFS(∆νex
M ) and theoretical value(∆νth

M ) without parameter
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Figure 2.3: Values of fine structure constant publication of the CODATA 2010 [1].
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α from other experimental data. Accordingly, it can also be said that comparison

between alpha from a MuHFS experiment and average from other experiments can be

good test of two-body bound state QED for muon sector.

2.4.2 Contribution to g–2 experiment

The precise determinations of
µµ

µp

and
mµ

mp

by the Mu HFS experiment can contribute

to the understanding of the muon anomalous magnetic moment (muon g–2) puzzle.

BNL E821 experiment measured muon g–2, and reported 3.3 σ deviation from the

calculation based on the Standard Model (see 2.4).

A new experiment with a new concept of very low-emittance muon beam is planned

at J-PARC can improve the experimental uncertainty by a factor of 5.

Figure 2.5 shows a conceptual drawing of the experimental setup of g–2 experiment.

Polarized muons travel on a circular orbit in a constant magnet field. The muon spin

direction is corresponded to muon momentum direction when muons enter the storage

ring. By the motion of the muon magnetic moment in the homogeneous magnetic

field the spin axis varies in a particular way as described by the Larmor precession.

Larmor angular frequency ωs is slightly bigger than cyclotron angular frequency ωc by

the difference ωα = ωs − ωc after each cycle.

ωc =
eB

2mµ

, (2.45)

ωs =
eB

2mµ

+ αµ
eB

mµ

, (2.46)

ωα = αµ
eB

mµ

, (2.47)

where αµ = (g− 2)/2 is a anomalous magnetic dipole moment of muon. The magnetic

field B is measured by NMR using a standard probe of H2O at sub-ppm level. This

standard probe can be related to the magnetic moment of a free proton by

B =
ωp

2µp

. (2.48)

where ωp is the Larmor precession angular velocity of a proton in a water. By using

a common NMR probe with Mu HFS experiment, this value can be substituted to
µµ

µp
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experiment

BNL

BNL (new from shift in λ)

Figure 2.4: A result of g–2 measurement at BNL. The significance of the deviation is

3.3 standard deviations from the existing theory [2].
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which is determined more accurate than the precision of NMR probe. Therefore, actual

value of the measurement is

R =
ωα

ωp

(2.49)

= αµ

e

mµ

1

2µp

(2.50)

= αµ

e

2mµ

1

µµ

µµ

µp

(2.51)

= αµ

1

gµ

µµ

µp

(2.52)

=
αµ

1 + αµ

µµ

µp

. (2.53)

Thus g–2 value is obtained by both R obtained by g–2 experiment and
µµ

µp

determined

by Mu HFS. For 5 times improvement such as the level of 100 ppb, 170 ppb uncertainty

of
µµ

µp

from latest MuHFS experiment is no more ignorable. Therefore, more precise

measurement of Mu HFS is required as input parameter for next g–2 experiment.

track detector

muon

positron

momentum direction

spin direction

2.deviate muon spin direction

    from muon momentum direction

1.polarized muons enter the storage ring

3.decay positrons are detected 

   by track detector

Figure 2.5: A conceptual drawing of the experimental setup of the g–2 experiment.
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2.4.3 Testing CPT and Lorentz invariance

Here have been several attempts to formalize Standard Model Extension (SME) which

contains the Standard Model and all possible operators that break CPT and Lorentz

symmetries. Additional Hamiltonian terms which violate CPT and Lorentz invariance

would shift frequencies of muonium transitions. Such shifts would result sidereal oscil-

lation in ν12 and ν34 frequencies. The leading-order Lorentz-violating energy shift in

muonium can be obtained from Hamiltonians using perturbation theory and relativistic

two-fermion techniques [25]. The corresponding shifts δν12 and δν34 in the frequencies

ν12 and ν34 can be determined as

δν12 ≈ −δν34 ≈ −b̃µ3/π, (2.54)

where b̃µ3 is laboratory frame parameter of muon sector, mass dimension is 3.

A suitable choice of basis X̂, Ŷ , Ẑ for a nonrotating frame is standard celestial

equatorial axes, with the Ẑ direction oriented along the Earth’s rotational north pole.

an experimental constraint on δν12 implies

1

π
| sinχ|

√
(b̃µX)

2 + (b̃µY )
2 ≤ δν12 (2.55)

in which χ is the angle between Ẑ and the quantization axis defined by the laboratory

magnetic field where the muonium experiment is performed. The transformation from

the lab frame quantity b̃µ3 to the non-rotating celestial frame quantities b̃µJ (where

J = X,Y, Z) is given by

b̃µ3 = b̃µZ cosχ+ (b̃µX cosΩt+ b̃µY sinΩt) sinχ. (2.56)

Figure 2.6 shows that no time dependence was found at a level of 20 Hz at the

LAMPF experiments, which corresponds to a 68% confidence level limit on the non-

rotating frame components√
(b̃µX)

2 + (b̃µY )
2 ≤ 2× 10−23 GeV[3]. (2.57)

On the other hand, Lorentz violation signatures were searched from a sidereal varia-

tion of ωµ±
α in g–2 experiment at BNL (see Subsection 2.4.2). Limits on the non-rotating

frame components are
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√
(b̃µ

+

X )2 + (b̃µ
+

Y )2 ≤ 1.4× 10−24 GeV, (2.58)√
(b̃µ

−

X )2 + (b̃µ
−

Y )2 ≤ 2.6× 10−24 GeV[26], (2.59)

which is one of the strongest constrain of Lorentz violation for muon sector[27]. Thus

improvement of the uncertainty of Mu HFS by a factor of 10 enables the test of Lorentz

violation comparably to g–2 experiment at BNL.

2.4.4 Proton radius puzzle

The measurement of a Lamb shift of muoniuc hydrogen results 7σ deviation from world

average of electron scattering data on proton rms charge radius defined as

rC =

√∫
r2ρE(r)d3r, (2.60)

where ρE(r) is the charge distribution and further precise measurement is in the plan-

ning stage [28]. On the other hand, the Zemach radius of the proton is defined in terms

of an integral of the charge and magnetic form factors of the proton as

rZ =

∫
d3rr

∫
d3r′ρE(r − r′)ρMr′. (2.61)

Difference between ground-state hyperfine splitting in hydrogen and muonium after

correcting for magnetic moment and reduced mass effects, is due solely to proton

structure. HFS.[29] Furthermore, Mu HFS is a good probe for new light particle

search, such as dark photon, axionlike particles [30, 31, 32].

2.5 Review of Mu HFS experiment

The previous results of Mu HFS measurements are summarized in Table 2.1 and Figure

2.7. As seen in the table, the precision has greatly improved during 1970s but the pace

of improvement became slower in 1980s, and there has been no measurement since 1999.

The rapid improvement in 70s is mainly thanks to the construction of so-called Meson
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Figure 2.6: Two years of data on ν12 and ν34 at the LAMPF experiment are shown

binned versus sidereal time and fit for a possible sinusoidal variation. The amplitudes

are consistent with zero [3].
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Facilities over the world. Newly-built accelerators provided intense muon beams, which

made precision measurements possible. The inauguration of J-PARC MUSE is very

important - it gives the most intense pulsed muon beam in the world. This gives a

unique opportunity to put Mu HFS measurement into new level of precision.

Time Group ∆ν ppm B field (T) Ref

1961 Yale-Nevis 5500+2900
−1500 MHz 0.01-0.58 [33, 34]

1962 Yale-Nevis 4 461.3(2.0) MHz 450 1.1353 [35, 36]

1964 Yale-Nevis 4 463.24(12) MHz 27 0.5 [37, 38]

1966 Yale-Nevis 4 463.18(12) MHz 27 2.7× 10−4 [39]

1969 Yale-Nevis 4 463.26(4) MHz 9.0 3× 10−4 [40]

1969 Chicago 4 463.317(21) MHz 4.7 1.1353 [36, 41]

1970 Chicago 4 463.302 2(89) MHz 2.0 1.1353 [42]

1971 Yales-Nevis 4 463.308(11) MHz 2.5 3× 10−4 and 1× 10−6 [43]

1973 Chicago-SREL 4 463 304.4(2.3) kHz 0.5 0 [44]

1975 LAMPF 4 463 302.2(1.4) kHz 0.3 very weak [45]

1977 LAMPF 4 463 302.35(52) kHz 0.12 1.36 [46, 47]

1982 LAMPF 4 463 302.88(16) kHz 0.036 1.36 [48]

1999 LAMPF 4 463 302.765(53) kHz 0.012 1.7 [4]

Table 2.1: Comparison of Mu HFS measurements.

2.5.1 Latest zero field experiment

The latest zero field experiment of Mu HFS is carried out at LAMPF[45],

∆νzf
M = 4463302.2(1.4) kHz (0.3 ppm). (2.62)

The strength of the magnetic field is less than 100 nT. However, the leakage magnetic

field from outside of the magnetic shield is the main contributor to the systematic

uncertainty.
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1970 1975 1980 1985 1990 1995 2000 2005 2010 2015

-310

-210

-110

4463.3

Year

ppm

4463.305

the theoretical value

(a)

(b)

latest zero !eld experiment

latest high !eld experiment

Figure 2.7: (a) Values of Mu HFS at several past experiments since 1970. A blue area

is a range of the theoretical value from Equation 2.7. (b) An accuracy of those values.

The accuracy of the Mu HFS measurement have been exponentially increase.
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2.5.2 Latest high field experiment

The latest high field experiment of Mu HFS is carried out at LAMPF[4] as

∆νhf
M = 4463302.765(53) kHz (12 ppb). (2.63)

Figure 2.8 shows a schematic diagram of the experimental setup of the latest high-

field measurement at LAMPF. Muons enter the apparatus through beam counters

and moderators, and stop in a pressure vessel where muons form muonium atoms.

Microwave is irradiated, and the transition is detected by change of ratio of number

of positrons detected by counters placed at downstream side of the pressure vessel.

A superconducting magnet is surrounding the apparatus to apply a high magnetic

field. The precision is mainly limited by statistics. But there is a reason that there

have been no new measurements to improve statistics. The muon beams available

at Meson Facilities are all DC beams, which mean muons are delivered one by one

intermittently. When we want to observe transition of muonium atom under RF field,

the time structure of DC beam poses a substantial challenge - if we want to control

irradiation time for muonium atom, we need to intentionally stop muons to arrive at

the target while RF field is on, thus making effective beam intensity reduced seriously.

For example, the last Mu HFS measurement at LAMPF chopped muon beam to 3.9

µsec pulses separated by 9.9 msec when measuring frequency using“ oldmuonium

method”(see Section 5.3). This means although the LAMPF accelerator can provides

about 1×107 muons per second, the experiment uses less than 28% of available muons

for measurement. The inauguration of J-PARC MUSE changed the whole picture. J-

PARC MUSE provides a pulsed muon beam, which means all muons are bunched to

pulses, and we know their arriving time to the target. This means our experiment at

J-PARC can fully use available muons, thus gives a significant advantage over previous

experiments.
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Figure 2.8: Schematic diagram of the experimental apparatus used for high field ex-

periment at LAMPF [4].
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Measurement procedure

In this chapter, measurement procedure of the experiment is introduced as following

(Figure 3.1).

1. Muons polarized to upstream are provided from J-PARC/MLF muon beam line

(Production of muons is discussed in Section 3.1, beam line at J-PARC MLF is

introduced in Section 3.2).

2. RF cavity located in a center of the magnet containing pure Krypton gas. Muons

stop by collisions in the gas and polarized muonium is formed by electron capture

process with Krypton (discussed in 3.3).

3. High momentum decay positrons are emitted preferentially in the direction of the

muon spin (see Section 3.5). By driving the transitions with an applied microwave

magnetic field, the muon spin could be flipped (see Section 3.4) and the angular

distribution of high momentum positrons changed from predominantly upstream

to downstream with a respect to the beam direction.

This section described details of apparatus: magnet, detector, profile monitor. Design-

ing of the cavity and the gas chamber are described in Chapter 4.
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superconduc�ng magnet

2. muonium formed by Kr gas.

1. muons enter from beamline.

3.  muons spin are !ipped by RF "eld.

4. positrons emitted through muon decay.

Figure 3.1: A schematic overview of the experimental setup of the Mu HFS experiment.
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3.1 Production of muons

Positive muons are produced from parity-violating positive pion π+ decays

π → µ+ + νµ. (3.1)

The lifetime of charged pion is

0.26033(5) ns [49]. (3.2)

Because of the helicity of neutrino, muons are 100 % polarized in the direction opposite

to their momentum.

3.2 Muon beamline

Muon beam is provided from MLF in J-PARC (Figure 3.5). A rotating graphite target

is used to generate an intense pulsed muon beams from the 3 GeV proton beam from

Rapid Cycling Synchrotron (RCS) with 25 Hz repetition (Figure 3.2). The Proton

beam from RCS has double-pulsed structure (600 ns separation).

Muon beams are distributed to 4 beamlines, D Line, U Line, S Line, H Line. These

4 beamlines have own characteristics for each purposes [50]. High field experiment is

planned at H Line, and zero field experiment will be held at D Line.

D Line D Line can provide both negative and positive decay muons up to a mo-

mentum of 120 MeV/c, as well as 30 MeV/c surface muons at 200 MW beam power.

This high momentum-tunability meets the wide demands of user programs. Figure 3.3

shows a typical beam profile at D Line. σx = 14 mm and σy = 28 mm. Beam intensity

was measured to be 3.1×106 surface muons per second under 220 kW proton beam[5].

U Line U line is the large acceptance beamline. It provides the most intense surface

muon beam of the four secondary lines. This intense beam is used to generate an

ultra-slow muon beam(0.05 eV - 30 KeV) by the laser resonant ionization method.
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40 ms

600 ns

FWHM = 80 ns

Figure 3.2: The muon beam produced at J-PARC has a double-pulsed structure with

600 ns interval in 25 Hz repetition.
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Figure 3.3: A typical beam profile obtained by the imaging plate. [5]
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S Line S line is designed to transport surface muons to several experimental areas

by using kicker devices to dedicated µSR spectroscopy.

H Line H Line provide surface muons for fundamental physics experiments which

demand high statistics for a long period. A captured solenoid on the beamline enables

high transmission efficiency more than 80 % of the captured muon. The intensity of

the beamline is estimated as 1 × 108 s at 1 MW beam power. The installation of the

frontend device, i.e. the muon-capture solenoid, HS1, the first bending magnet, HB1,

and the vacuum components took precedence and were installed in 2012 as shown in

Figure 3.4. The beamline will be ready in 2016.

3.3 Production of muoniums

Muonium atoms for precision experiments have been produced using three different

methods (see Figure 3.6) [51, 52].

3.3.1 Beam foil

Metastable muonium in the 2s state have been produced with a beam foil technique at

LAMPF and the TRIUMF [53, 54]. This method cannot apply to our experiment but

the measurement of lamb shift transition (22S1/2 − 22P1/2).

3.3.2 Silica powder

Muonium generated by stopping muons near the surface of a SiO2 powder target.

Muons stopped in the silica powder capture electrons and form muonium, some percent

of which diffuse to the target surface and then emitted in vacuum [55]. Advantage of

this method is that formed in vacuum unlike in the case of gas target. However,

this is not appropriate for our experiment because both the production rate and the

polarization are insufficient. Moreover, signals of muon decay in vacuum are not able

to distinguish from that in a powder target.
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Figure 3.4: Devices for H Line installed in 2012[6].
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RCS

3 GeV 

MR 50 GeV 

LINAC

MLF

H line
- under construc!on

- surface muon(30 MeV/c)

   for high field experiment

neutron beamlinemuon beamline

Material and Life Science Experimental Facility (MLF)

S line
- surface muon

- 30 MeV/c

D line
- decay muon(~120 MeV/c)

- surface muon(30 MeV/c)

   for zero field experiment

U line
- ultra slow muon

- 0.05 - 60 keV

rota!ng graphite target

3 GeV proton beam

Figure 3.5: A schematic drawing of MLF in J-PARC. There are 4 beamlines to provide

muons for various purposes.
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3.3.3 Gas target

Muonium is generated by an electron capture after stopping muon in a suitable noble

gas. This technique was employed already in the experiment observed of the muoniums

for the first time atom in 1960 in argon gas. The production rate in this experiment was

65(5) %. In the case of LAMPF HFS experiment, the production rate was 80(10) %

with Kr gas [51]. Muon moderation processes involve dominantly electronic interaction

and practically no muon depolarization take place in a strong axial magnetic field

(B ≫ 0.16 T) [20]. Thus gas target is a most suitable method for muonium HFS

experiments from the aspect of production rate and the rate of polarization.

　　　
Gas target

Ar,Kr

Yields up to 100 %

Polarization up to 100 % (B>>T)

SiO
2
 powder

Yields up to 12 %

Polarization 39(9) %

Beam foil

Muonium in the n= 2 state (1 %)

　　　

Figure 3.6: A comparison of the methods of muonium production. Gas target is the

most suitable method for the muonium HFS experiment from the aspect of a production

rate and a rate of polarization.

　　　

Comparison of gas targets

In order to avoid chemical reactions and depolarizing collisions, noble gases are can-

didates for a gas target. Muoniums are formed when positive muons are stopped in a
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gas target by the following electron capture reaction,

µ+ +Kr → µ+e− +Kr+. (3.3)

In the case of krypton, the ionization energy of krypton is 14.00 eV and that of muonium

is 13.54 eV. A muon can capture an electron from a krypton atom to form muonium in

the ground state if the kinetic energy of the muon-krypton system in its center of mass

is greater than the threshold value of 0.46 eV. And the muonium fractions is about 100

%. Thus krypton is a ideal gas target to form a low energy muoniums (see Table 3.1).

atom or molecule threshold energy (eV) pressure (atm) fMu

He +11.04 1.2–3.1 0(1)

Ne +8.02 1.2 7(5)

Ar +2.22 1.0–2.8 74(4)

Kr +0.46 0.4–0.95 100(5)

Xe -1.41 0.4–0.65 100(4)

N2 +2.0 1.0–2.4 84(4)

CH4 -0.6 1.2–3.0 87(4)

Table 3.1: Threshold energies for muonium formation [9] and the pressure-independent

muonium fractions fMu [10].

3.4 Resonance line shape

There are two measurement method depend on the time window (from t1 to t2) of

decay positron observation. One is the case of t1 = 0 and t2 = ∞ which is called

”conventional method”. In this case, a resonance line shape is Lorentzian. The other

is the case that t1 and t2 is defined arbitrary which is called ”old muonium method”.

In this section, correlation between statistical uncertainties and both methods are

discussed. The signal is defined as

S =
NON −NOFF

NOFF

(3.4)
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where NON (NOFF) is the number of positrons detected with microwaves on (off).

The general case that the muonium of |m⟩ state transits to |n⟩ state induced by

microwave is as follows. State amplitudes (am and an) of both |m⟩ and |n⟩ are described

as [56]

ȧn(t) = −1

2
γan(t)− iambfmn(t) (3.5)

ȧm(t) = −1

2
γam(t)− ianbfnm(t), (3.6)

where

γ =
1

τ
, (3.7)

b =
1

2ℏ
⟨m|H ′

0|n⟩ , (3.8)

H ′
0 = (gJµ

e
BJ − g′µµ

µ
BI)(H1), (3.9)

fmn = exp(−i(ωmn − ω)t) + exp(−i(ωmn + ω)t), (3.10)

ωmn =
EB

HFS(|m >)− EB
HFS(|n >)

ℏ
. (3.11)

τ is the muon lifetime (see subsection 3.5), H1 is a general microwave field as H1 =

Hxx+Hyy and ωmn is an angular velocity of a microwave field.

The first term of Equation 3.5 and 3.6 expresses muon decay, and the second term

expresses transitions transition between the states. Equation 3.5 is calculated as

|an(t)|2 = |am(0)|2(cos
Γt

2
+

ω′2

Γ2
sin2 Γt

2
)e−γt

+ |an(0)|2
4|b|2

Γ2
sin2 Γt

2
e−γt

+ 2Re(am(0)an(0)(cos
Γt

2
− i

ω′

Γ
sin

Γt

2
× i

2b∗
Γ

sin
Γt

2
))e−γt. (3.12)

If muons are sufficiency polarized, it can be considered that an(0) ≈ 0. Then

an(t) = |am(0)|2
4|b|2

Γ2
sin2 Γt

2
e−γt (3.13)

where sin2 Γt
2

expresses an oscillation to |n > state and e−γt expresses muon decay.

Decay probability of |n > from t1 to t2 (old muonium method) is proportional to the
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signal S. It can be expressed as

S ∝
∫ t2

t1

|an(t)|2dt =
2|b|2

Γ2
(e−γt1(1− (cos Γt1 −

Γ

γ
sin Γt1)

γ2

Γ2 + γ2
))

−2|b|2

Γ2
(e−γt2(1− (cos Γt2 −

Γ

γ
sin Γt2)

γ2

Γ2 + γ2
)). (3.14)

By substituting t1 = 0, t2 = ∞, the signal of conventional method is calculated as

S ∝ 2|b|2

Γ2 + γ2
, (3.15)

where

Γ2 = ω′2 + 4|b|2. (3.16)

Thus the resonance line shape of the conventional method is Lorentzian.

3.5 Muon decay

Muons decay via weak interaction like

µ+ → e+ + νe + ν̄µ. (branching ratio ≈ 1) [49] (3.17)

Also there are following other processes

µ+ → e+ + νe + ν̄µ + γ, (branching ratio ≈ 10−2) [49] (3.18)

µ+ → e+ + νe + ν̄µ + e+ + e−. (branching ratio ≈ 10−5) [49] (3.19)

Equation 3.17 is a dominant process and other processes are rare enough to be ne-

glected.

Muon life time

Muon life time is measured as

τ = 2.19703(4) µs (18 ppm) [49]. (3.20)
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Angular distribution of decay postrion

The angular distribution of decay postiron is described by the following equation and

depends on a muon magnetic moment (see Figure 3.7),

N(y, θ) =
γ

2π
y2[(3− 2y) + (2y − 1) cos θ][35], (3.21)

in which y is the positron momentum in units of
1

2
mµc; θ is the angle between the

muon spin direction and the positron momentum.

A decay positron has its maximum momentum when the two neutrinos are emitted

in the opposite direction to the direction of the positron emission and the value is,

Pmax =
m2

µ −m2
e

2mµ

c ≈ 1

2
mµc = 52.83 MeV/c[56]. (3.22)

3.6 Advantage of the measurement

The dominant part of the uncertainty of high field experiment in LAMPF experiment

is statistical uncertainty[4]. On the other hand, the intensity of H Line is 1× 108/s at

1 MW beam power which is ten times more than that of muon beam line at LAMPF

experiment. In addition to this, the beam has 25 Hz pulse structure in favor of this

spectroscopy. As a result, the statistical uncertainty can be improved 10 times by a

measurement for 100 days measurement at H Line.

Also main parts of uncertainties of previous zero field experiment are statistical

uncertainties and from magnetic field [45]. One day measurement at D Line can ac-

cumulate the statistics equivalent to latest zero field experiment. And the uncertainty

from the magnetic field can be improved by correction with the precise measurement

data of magnetic field map.

Both estimations are specifically described in Chapter 5. We aim to measure Mu

HFS by using both methods complementary.
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Since the angular distribution depends on the energy of decay positrons, detection

threshold of kinetic energy is set for optimize the signal ratio of the upstream

detector and the downstream detector.

 0

 0

y=1
y=0.8

y=0.6

Figure 3.7: An angular distribution of decay positron at several y values expressed in

polar coordinates. The direction of muon magnetic moment is rightward.

58



Chapter 4

Appratuses

In this chapter, developments of following apparatuses are described.

for zero field experiment (Figure 4.1)

• RF cavity for zero field experiment (Section 4.3)

• RF system (Section 4.5 )

• gas chamber (Section 4.6)

• gas system (Section 4.7)

• magnetic shield (Section 4.8)

• beam monitoring system described in Section 4.10

• positron detector (Section 4.11)

for high field experiment (Figure 4.2)

• RF cavity for high field experiment (Section 4.1)

• RF system (common)

• gas chamber (common)
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magne�c shield

gas chamber

cavity for zero field

positron detectorsFBPM
(beam monitoring system)

Figure 4.1: A schematic view of the setup for zero field experiment. Muons enter the

apparatus through FBPM (beam monitoring system), and stop in a gas chamber where

muons form muonium atoms. Microwave is irradiated, and the transition is detected

by change of ratio of number of positrons detected by counters placed at downstream

side of the chamber. The whole apparatus is surrounded by a magnetic shield.
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• gas system (common)

• superconducting magnet (Section 4.12)

• beam monitoring system (common)

• positron detector (common)

superconduc�ng magnet

gas chamber

cavity for high field

positron detectorsFBPM
(beam monitoring system)

Figure 4.2: A schematic view of the setup for high field experiment. The setup is very

similar to the zero field experiment, but a superconducting magnet is surrounding the

apparatus to apply a high magnetic field.

4.1 RF cavity for high field

In this section, development of the RF cavity for high field is introduced. We choose the

TM110 mode to drive ν12 transition and the TM210 mode to ν34 transition (Subsection
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4.1.1). The diameter of the cavity is determined to match each resonance frequencies

as transition frequencies (Subsection 4.1.2). Resonance frequencies are adjusted by

displacement of tuning bars from inner surface of the cavity (Subsection 4.1.5). Front

window of the cavity should be thin enough to through muons (Subsection 4.1.4).

4.1.1 Resonance modes

The resonance frequencies should be tuned into the ν12 and ν34 transition frequencies.

There are following requirements,

(a) Static magnetic field and oscillating field are perpendicular to each other,

(b) The transition efficiencies should be maximized at the center of cavity, that is

region muonium formed,

(c) The oscillating field is constant along the axis.

By the requirement (a), Transverse Magnetic (TM) resonant modes are more appropri-

ate than Transverse Electric (TE) modes since a static magnetic field vector is parallel

to the axial direction of the cavity. By the requirement (b) and (c), TMmn0 which

does not have node in the axial direction are candidates. (The TM mnp mode is char-

acterized by three subscripts m, n and p that corresponding to the number of half

waves of the electric or magnetic field that fit along the diameter, circumference, and

length of the resonator.). Therefore, TM110 and TM210 modes which are lower-order

modes of TMmn0 are appropriate from these requirements.

Figure 4.4 shows the electromagnetic field of TM110 and TM210 modes (see Ap-

pendix A). The resonance frequencies for TM modes are

fmnp =
c

n

√
(
xmn

πD
)2 + (

q

2L
)2. (4.1)

Here c is the speed of light, D and L are the diameter and length of the cavity, n is

the index of refraction for the medium inside the cavity, and xmp is the pth root of the

Bessel function Jm(x).
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Figure 4.3 shows a relation between a ratio of the ν12 and the ν34 transition fre-

quencies and a ratio of the resonance frequencies of the TM110 mode and the TM210

mode. For measurement of both transitions, static magnetic field is defined so as to

equalize these ratios one another. Although one of the solution is 1.55 T, optimum

magnetic field is estimated as 1.7 T including cavity perturbations by tuning bars (See

Subsubsection 4.1.5).

B (T)
0 1 2 3

0

0.2

0.4

0.6

0.8

B=1.55 T

Figure 4.3: A relation between a ratio of the ν12 and the nu34 transition frequencies

and a ratio of resonance frequencies of the TM110 mode and the TM210 mode. Since

the ratio of the TM110 mode and the TM210 mode is constant at a cylindrical cavity,

there only two solutions to be tuned in to both transitions.

Figure 4.5 shows positions of RF ports. To accumulate RF power in the cavity,

RF ports without one transporting RF power should not be coupled to the cavity.

The positions of input ports for TM110 (TM210) mode are chosen not to be coupled

to TM210 (TM110) mode. The position of the output port is chosen couple to both
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E
H

TM110 TM210

Figure 4.4: RF fields of the TM110 mode and the TM210 mode. The red arrow shows

the electric field vector and the green one shows the magnetic field vector.

modes weakly.

4.1.2 Diameter of the cavity

Transition frequencies of ν12 and ν34 are obtained by Equation 2.26 and 2.27 as

ν12 = 1.906 GHz, (4.2)

ν34 = 2.556 GHz. (4.3)

The resonance frequencies of the cavity should be a little higher than the transition

frequencies since tuning bars in the cavity increase resonance frequencies (see Section

4.1.5). The resonance frequencies of the TM110 mode and the TM210 mode are 1.955

GHz and 2.620 GHz for a diameter of the cavity of 187 mm (see Equation 4.1). RF

fields of the TM110 mode and the TM210 mode are described in Appendix A.

4.1.3 Axial length of the cavity

Measurement in low gas pressure

Transition frequencies ν12 and ν34 in vacuum are determined by fitting measured fre-

quencies at several different gas pressures (see Subsection 4.7.2). To assure accuracy of
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Input port for TM110

Input port for TM210

Output  port

TM210

Input port for TM110

Input port for TM210

Output port

TM110

Figure 4.5: A cross-sectional view of the cavity with the TM110 mode and the TM210

mode. The red arrows indicate electric fields and green arrows indicate magnetic fields.

Positions of input ports for the TM110 (TM210) mode are chosen not to be coupled

the TM210 (TM110) mode. The position of the output port is chosen couple to both

modes weakly.

this fitting, measurements in wide range of Krypton gas pressures are necessary. Long

cavity is preferred for measurement at low pressure Krypton gas, since the muonium

distribution spread broadly in the longitudinal direction. Figure 4.6 shows the longitu-

dinal distribution of muonium in 0.3 atm by Monte Carlo simulation using SRIM [57].

SRIM is a group of programs which calculate the stopping and range of ions into mat-

ter using a quantum mechanical treatment of ion-atom collisions. In this simulation,

the moderator is loaded in front of the cavity to stop muons in the region of the cavity

whose axial length is 15.973 cm which was used at LAMPF experiment. In this case,

68 % of muons stop in the cavity.

On the other hand, Figure 4.7 shows the corresponding distribution for the cavity

for J-PARC/MLF experiment whose axial length is 304 mm. Because of the length of

this cavity, the moderator can be thin and the muon stopping distribution is brought

within the cavity (94 % of muons stop in the cavity). Thus measuring in a lower

pressure is possible by using a long cavity and our cavity is available in over 0.3 atm

by this simulation.
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Figure 4.6: A muon stopping distribution in 0.3 atm Krypton gas. Trajectories of

100000 muons were simulated by a Monte Carlo simulation program SRIM. The cavity

axial length is 159.73 mm designed for the latest experiment at LAMPF. To stop muons

in a narrow region, a thick moderator is required at upstream side of the cavity. 68 %

of muons are brought within the cavity.
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travel length (mm)
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Figure 4.7: A muon stopping distribution in 0.3 atm Krypton gas. The cavity axial

length is 304 mm designed for the experiment at J-PARC. 94 % of muons are brought

within the cavity.
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Avoiding other resonance modes

There are many other resonance modes depending on the cavity length (see Figure 4.8).

On the other hand, resonance frequencies of the TM110 mode and the TM210 mode

do not depend on the cavity length. The cavity length is determined to avoid other

modes. Figure 4.9, 4.10 and 4.11 show resonance modes nearby the TM110 mode.

If the cavity axial length is 300 mm, a TM012 mode is located between splitted the

TM110 modes (the TM110-1 mode and TM110-2 mode) which is undesirable. In case

axial length is 304 mm, resonance frequency of the TM012 mode is low enough to be

separated from the TM110 mode.

4.1.4 Foils of the cavity

Since muons enter through the front foil of the cavity and the gas chamber, the front

foil must be thin not to stop muons. Also the back foil must be thin not to stop decay

positrons emitted through the back foil. According to Figure 4.12, there are three

flanges at the front and back of cavity. Foil is fixed by F2 and F3, and stretched by

F1. This foil is made of a 99.97 % copper and the thickness is 25 µm.

4.1.5 Tuning bar

Resonance curves are obtained from microwave frequency sweep. Frequency sweep is

achieved by tuning bars located inside the cavity. Inserting a tuning bar into the cavity

results in an increasing resonant frequencies.

Cavity perturbations

When a dielectric material is inserted into the cavity, resonance frequency is shifted.

A corresponding change in resonance frequency is able to approximated as

ω − ω0

ω0

≈
∫ ∫ ∫

∆V
(∆µ|H0|2 +∆ϵ|E0|2)dv∫ ∫ ∫
∆V

(µ|H2
0 + ϵ|E0|2)dv

[58], (4.4)

where ω0 is the resonance frequency of the original cavity and ω is one of the perturbed

cavity. The perturbed field are approximated by the original fields E0 andH0. However,
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Figure 4.8: Other resonance modes around the mode TM110 and the TM210 mode by

analytical calculation. The horizontal axis is the axial length of a cavity. Resonance

frequencies of the mode TM110 and the TM210 mode does not depend on the cavity

axial length. On the other hand, resonance frequencies of many other modes which

have nodes in axial direction decrease by axial length of the cavity. In case of the

cavity whose axial length is 304 mm, many modes are close to the TM110 mode and

the TM210 mode.
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Figure 4.9: Resonance modes around the TM110 modes in case axial length is 300 mm.

The TM012 mode is located between splitted the TM110-1 mode and the TM110-2

mode.
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Figure 4.10: Resonance modes around the TM110 modes in case axial length is 302

mm. Resonance frequency of the TM012 mode is lower than that of a 300 mm cavity.

Resonance frequencies of the TM110-1 mode and the TM110-2 mode are not changed

because they are independent of cavity length.
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Figure 4.11: Resonance modes around the TM110 modes in case axial length is 304

mm. Now the TM012 mode is far from the TM110-1 mode and the TM110-2 mode

enough to be distinguished.

analytical evaluation using this equation is not realistic so that a simulation software

using a finite element method is used.

Material for tuning bar

As for the material of the tuning bar, there are critical differences between conductive

one and dielectric one. A conductive tuning bar affects electric field as shrink a diameter

of the cavity. On the other hand, dielectric tuning bar affect as widen it by absorbing

RF power (see Figure 4.13). As a result of these characters, conductive tuning bar

decrease resonance frequencies and dielectric one increase them.

Although a conductive material is sensitive to resonance frequency, it affects the

uniformity of RF electric field (see Figure 4.14). Moreover, whereas sweep range of

conductive tuning bar is defined by a position of its surface, that of dielectric tuning bar

is defined by its volume so that it is possible to adjust sweep range flexibly. Therefore,

dielectric material is a candidate list of material for tuning bar.

For choosing better material for tuning bar in dielectric materials, following param-

eter should be considered.
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foilF1 F2 F3 cavity body

sandwich in a foil between F2 and F3

stretch a foil by F1

Figure 4.12: How to stretch foils of the cavity. At first, foils are temporally jointed

between a F2 and a F3 flanges. Then stretch them again and mount to the cavity by

a F1 flange.

conduc�ve material dielectric material

electric field

Figure 4.13: A different between electric fields using a tuning bar made of a conductive

material and a dielectric material. The conductive tuning bar affects electric field as

shrink a diameter of the cavity. On the other hand, the dielectric tuning bar affect as

widen it by absorbing RF power.
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Figure 4.14: A comparison of uniformity of RF field between by using the dielectric

tuningbar and the electric tuning bar. Uniformity on the axis by using the dielectric

tuning bar is prefer for the cavity of zero field as shown in below figures.
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electric permittivity

Complex dielectric constant is described as

ϵ = ϵ′ − jϵ′′, (4.5)

tan δ =
ϵ′′

ϵ′
. (4.6)

Real part of permittivity (ϵ′) is expressed phase difference from oscillation electric field

and amplitude of polarization. Wavelength of RF is shortened in the dielectric material.

Effective volume of the cavity is expanded by inserting tuning bar made by dielectric

material. As a result, the resonance frequency of the cavity is increased.

dielectric tangent

Imaginary part (ϵ”) is expressed dielectric loss. A part of RF power is converted

into heat in the dielectric material. It causes reduction of Q factor of the cavity (see

Appendix B). In general, dielectric tangent (tan σ) is used for estimation of it.

small density

Total weight of a tuning bar and a support must be under 200 g which is the maximum

vertical load of the positioner (see Section 4.1.6).

Therefore, a good material for tuning bar should have

1. large electric permittivity

2. small dielectric tangent

3. small density

Tuning bars are loaded on dielectric supports. (see Figure 4.15). Contrary to tuning

bars, supports should not affect resonance frequencies. Therefore, good material for

support of tuning bar should have

1. small electric permittivity

2. small dielectric tangent
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3. small density

According to this, we choose a alumina for the tuning bar and Teflon to the tuning

bar support of the tuning bar with reference to Table 4.1.

material electric permittivity dielectric tangent density

macor 6.03 0.007 (8.6 GHz) 2.52

alumina 9.5 0.0002 (1 GHz) 3.9

quartz 3.5 0.0002 (100 MHz)

silicon 12 0.005 (1 GHz) 2.2

Teflon 2.1 0.00028 (3 GHz) 2.2

Table 4.1: Characteristics of materials for the tuning bar.

4.1.6 Movement mechanism for tuning bar

Precise movement is achieved by piezo positioner ANPz101eXT12/RES/UHV (at-

tocube Systems) us (see Figure 4.17). Piezo element converts electrical energy into me-

chanical energy. Positioner is drived by sawtooth pulses from a controller. For precise

positioning, feedback from displacement sensor is required since displacement of posi-

tioner doesn’t bear a proportionate relationship to applied voltage. This positioner us-

ing a resistor located in a positioner as displacement sensor. Absolute positioning is en-

abled by reading a resistance value. Table 4.2 shows a spec of ANPz101eXT12/RES/UHV.

Piezo positioner has following advantages for our experiments.

Simple wiring Since the positioner is drived and read resistance value by only elec-

trical wirings, only simple feed through port at gas chamber is needed. It is ideal for

purity of Krypton gas in a chamber. Since this positioner is UHV compatible model, it

enable over 150 ◦C baking and outgassing rate is below a level of 1× 10−11 Pa ·m3/s.

Compactness Space between inner surface of superconducting magnet and gas cham-

ber is limited to load such as a linear manipulator.
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Nonmagnetism It is made of Titanium so that hardly affect to uniformity of the

magnetic field.

travel (step mode) 12 mm

typical minimum step size 50 nm

maximum vertical load 200 g

Table 4.2: Spec of ANPz101eXT12/RES

flange of Kr gas chamber

piezo electric posi!oner

tuning bar support(teflon)

tuning bar(alumina)

Figure 4.15: A schematic drawing of the tuning bar for high field experiment.

Piezo controller

Piezo positioners are controlled by piezo controller ANC350/3/RES (attocube systems)
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(see Figure 4.18). As shown in Figure 4.16, it has 3 channels for manipulating each

positioner.

ANC-350

displacement

sawtooth wave

feedback

reading position sensor

displacement

sawtooth wave

reading position sensor

feedback

ANPz111_D9_009

ANPz111_D9_011

channel 1

channel 2

channel 3

TM110  tuning

TM210  tuning

Figure 4.16: A diagram of a positioner system. ANC-350 has three channels to operate

the positioners. It transmits sawtooth waves to each positioner and displace their stages

in proportion to amplitude of waves. Precise displacement is achieved by feedback from

a positioner sensor.

Sweeping

The TM110 (TM210) mode and split into two sub modes by tuning bars. The first one

named TM110-1 (TM210-1) is affected by the tuning bar strongly, and another mode

named TM110-2 (TM210-2) is not affected comparably. The resonance frequency of

former modes is used for obtaining resonance curves. Figure 4.19 and 4.20 shows the

location of tuning bar in a cross section drawing of the cavity. There are two tuning
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Figure 4.17: A photograph of piezo

positioner.

Figure 4.18: A photograph of piezo controller.

bars for each of the mode. The tuning bars are located to affect RF electric field

efficiently. Figure 4.21 shows the relation of frequency sweep and a displacement of

tuning bar by the simulation. Using this tuning bar, the range of frequency sweep is

estimated at about 20 MHz and minimum step size is about 100 Hz.

Input port for TM110

Input port for TM210

Output port

Tuningbar for TM110

Tuningbar for TM210

TM110-1

Input port for TM110

Input port for TM210

Output port

Tuningbar for TM110

Tuningbar for TM210

TM110-2

Figure 4.19: Degenerated modes of the TM110. The left side (TM110-1) of resonance

mode is affected by tuning bar for TM110 stronger than the right side (TM110-2).

Then this mode is appropriate to using for the resonance frequency sweep.
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Input port for TM110

Input port for TM210

Output port

Tuningbar for TM110

Tuningbar for TM210

TM210-2

Input port for TM110

Input port for TM210

Output port

Tuningbar for TM110

Tuningbar for TM210

TM210-1

Figure 4.20: Degenerated modes of TM210. The left side (TM210-1) of resonance mode

is affected by tuning bar for TM110 stronger than the right side (TM210-2). Then this

mode is appropriate to using resonance frequency sweep.

4.1.7 Summary of designing the cavity

Figure 4.22 is an outline view of the cavity and Table 4.3 is a summary of the dimension

of the cavity. It is situated in the gas chamber and transit muonium by oscillating

magnetic field. There are three ports for two RF input loop and one output loop. The

resonance frequencies are tuned by two tuning bars. The temperature in the RF cavity

is maintained by cooling tube wound around it.

material oxygen-free copper

inner diameter 187 mm

axial length 304 mm

thickness in a radial direction 15 mm

thickness of foil 25 µm

2 × for tuning bar

ports 2 × for RF input

1 × for RF output

Table 4.3: Summary of the dimension of the cavity.
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Figure 4.21: A relation between resonance frequency of the TM110 mode and the

displacement of the tuning bar. This is a result of the simulation using a alumina

tuning bars (20 mm × 200 mm × 2.5 mm). Origin points of tuning bars are defined

as 5 mm far from the cavity face. The TM110 mode is splitted into two degenerated

modes. The red point is the TM110-1 mode and the blue point is the TM110-2 mode.

The TM110-1 mode is more sensitive to the displacement.
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RF port

Cooling tube

Port of tuning bar

Support

Figure 4.22: An isometric view of the cavity. There are three RF ports and two ports

for tuning bars. There are a cooling water pipe for a stability of temperature and a

support for loading in the gas chamber.
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4.2 Performance test for the cavity for high field

This section describes the measurements of

1. Frequency character of the cavity (Subsection 4.2.1),

2. Q factors of the cavity (Subsection 4.2.2),

3. Performance evaluation of tuning bars (Subsection 4.2.3, 4.2.4).

4.2.1 Frequency character of the cavity

The characteristic of the cavity without tuning bars is measured. Resonance frequencies

of the TM110 mode and the TM210 mode are determined by S11 and obtained Q factor

of each mode by S21 (see Appendix B). Figure 4.23 shows a resonance line shape of the

TM110 mode. A red arrow indicates the resonance frequencies of the TM110 mode in

the measurement. Figure 4.24 is a close-up of Figure 4.23. These peaks are determined

as the TM110 mode by the reason that there should be two degenerated TM110 modes.

The TM110-1 mode is coupled input port for TM110 strongly and the TM110-2 mode

is coupled weakly as mentioned in 4.1.6. In addition to this, the TM110-1 mode should

be affected strongly by tuning bar for TM110 than the TM110-2 mode.

Thus the resonance frequencies of the TM110 modes are 1.9532 GHz (TM110-1)

and 1.9541 GHz (TM110-2) in the measurement. It is slightly different from the value

obtained by Equation 4.1, 1.9553 GHz. This is coming from RF ports and tuning bars

which are not included in the analytical calculation.

Figure 4.25 shows a resonance line shape of the TM210 mode. The determination

of the TM210 mode is by same way of the TM110 mode. The resonance frequencies

of the TM210 modes are 2.6423 GHz (TM210-1) and 2.6455 GHz (TM210-2) in the

measurement. It is also slightly different from the value obtained by Equation 4.1,

2.6207 GHz.
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Figure 4.23: (a) S11 near the TM110 modes by the measurement. The red arrows show

resonance frequencies of each mode. (b) S21 by the measurement.
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Figure 4.24: A Close-up of Figure 4.23 (a). The red arrows show resonance frequencies

of the TM110 modes.
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RF port for TM110

RF port for TM210

RF port for output

tuning bar for TM210

tuning bar for TM110

Figure 4.26: A photograph of inner view of the cavity. The RF antennas and the

tuning bars are installed.
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4.2.2 Q factors of the cavity

Q factors from simulations

Table 4.4 and 4.5 show a result of calculation of Q factor of the TM110 mode and the

TM210 mode by CST STUDIO. In this simulation, the main part of the power losses

is caused by surface current of the cavity.

Loss/W (peak) Q

Qext 1.19× 105 2.04× 105

Qc 7.19× 105 3.75× 104

Qd 5.17× 105 4.72× 105

QL 8.21× 104 2.97× 104

Table 4.4: Q factor of the TM110 mode. Loss of Q is caused by surface current at

the cavity face and loss tangent of tuning bar. Definition of Qext, Qc, Qd, and QL are

described in Appendix B.

Loss/W (peak) Q

Qext 9.71× 104 3.32× 105

Qc 7.19× 105 4.48× 104

Qd 3.00× 105 1.07× 105

QL 1.12× 106 2.89× 104

Table 4.5: Q factor of the TM210 mode. Loss of Q is caused by surface current at the

cavity face and loss tangent of tuning bar.

Q factors from measurements

Q factor of the cavity was measured in case of the alumina (99.6 %) tuning bar (20 mm×

100 mm×5 mm) is used (see Figure 4.34). Figure 4.27 shows a result of the measured Q

factor of the TM110 mode. By fitting with a Lorentzian function, Q factor is calculated
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as 1.13 × 104. Similarly, the measured Q factor of the TM210 mode is calculated as

8.05× 103 (Figure 4.28).

These values are far less than the Q factors estimated by the simulation. (see Table

4.2.3).

One of reasons of the Q factor depression is a coupling with input antennas. As

mentioned Appendix B, QL of the cavity is equivalent to Qext when the cavity and the

input port is coupled. The peak of the S11 of the TM110-1 mode is only -15 dB. In

this case, 3 % of the RF power is reflected. On the other hand, the peak of the S11 of

the TM210-1 mode is only -2 dB so that about 63 % of RF power is reflected to the

input port. Thus it is not able to said that QL is equivalent to Qext, and optimization

of the antennas is needed to estimate accurate Q factor.

modes Q (in the measurement) Q (in the simulation)

TM110 1.13× 104 2.97× 104

TM210 8.05× 103 2.89× 104

Table 4.6: A comparison of Q factor between in the measurement and in the simulation.

4.2.3 Relation between displacement of tuning bars and res-

onance frequencies

Figure 4.29 shows resonance frequency sweeps of the TM110. Although the TM110-2

mode are not affected from the tuning bar for TM110, TM110-1 is tunable from 1.948

GHz to 1.934 GHz by the tuning bar for TM110.

On the other hand, Figure 4.31 shows resonance frequency sweeps of the TM210

mode. Although the TM210-2 mode are not affected from the tuning bar for TM210,

TM210-1 is tunable from 2.608 GHz to 2.537 GHz by the tuning bar for TM210.

Figure 4.30 and 4.32 show comparisons of TM110-1 and TM210-1 resonance fre-

quency sweep by tuning bars for TM110 and TM210 in the measurement, simulation

by CST STUDIO, and analytical calculation.
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Figure 4.27: The measured Q factor of the TM110 mode. Q factor is calculated

from FWHM of the resonance shape. FWHM is obtained from fitting with Lorentzian

function.

89



Chapter 4 Appratuses

2600 2605 2610 2615 2620
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

frequency (MHz)

R
F

 i
n

p
u

t 
p

o
w

e
r 

(m
W

)

2.618×109 1.626×1010

-0.03743

5.257×1010

 = 8.05×105

Lorentzian Function

Figure 4.28: The measured Q factor of the TM110 mode.

90



Chapter 4 Appratuses

Analytical calculation is done under assumption that the frequency shift by a cavity

perturbations is expressed as Equation 4.4. Compared results of analytical calculation,

simulation results are in good agreement with results in measurements.

Figure 4.33 shows the result of TM110 resonance frequency sweep by the tuning

bar for TM210 which is not used for sweeping the TM110 mode originally. Unlike in

the case of using the tuning bar for TM110, the TM110-2 resonance frequency slightly

varies with the displacement. The reason is that the position relationship between the

tuning bar and the electric field of TM110-2 is different from the case of using the

tuning bar for TM110 (see Figure 4.19). Since the TM110-1 resonance frequency also

sweep by the tuning bar for TM210, the sweep range can be larger than using only the

tuning bar for TM110.
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Figure 4.29: A TM110 resonance frequency sweep by the tuning bar for TM110.

Red markers show resonance frequencies of TM110-1, blue markers show of TM110-2.

TM110-2 is not affected by the tuning bar for TM110.
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Figure 4.30: Comparison of TM110-1 resonance frequency sweep by the tuning bar for

TM110 in the measurement, simulation, and analytical calculation.
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Figure 4.31: A TM210 resonance frequency sweep by the tuning bar for TM210.

Red markers show resonance frequencies of TM210-1, blue markers show of TM210-2.

TM210-2 is not affected by the tuning bar for TM210.
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Figure 4.32: Comparison of TM210-1 resonance frequency sweep by the tuning bar for

TM210 in the measurement, simulation, and analytical calculation.
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Figure 4.33: A TM110 resonance frequency sweep by the tuning bar for TM210. Red

one is that of TM210-1 and blue one is that of TM210-2.
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4.2.4 Difference between several types of tuning bars

Figure 4.34 shows three tuning bars to compare performance. Tuning bar1 is used for

the performance test in Subsection 4.2.3. Tuning bar2 is the double long of tuning

bar1 and tuning bar3 is the half thickness of the tuning bar1.

Figure 4.35 shows resonance frequency sweeps of the TM110-1 mode by three tuning

bars. As mentioned Appendix B, a sweep range is defined by volume of the tuning bar.

In addition to this, since displacement of tuning bar is defined as a length between

inner surface of the cavity and that of tuning bar, a thick tuning bar is inserted deeply

at the same displacement. Therefore, the sweep range of tuning bar3 is shorter than

other bars and the line shape of tuning bar2 is parallel to that of tuning bar1. Figure

4.36 shows a same relation of the TM210-1 mode. Since the RF field of the TM210

mode rotates on axis of the cavity (see Figure 4.37), the parallel relationship of the

line shape of tuning bar1 and tuning bar2 is not kept.

4.2.5 Discussion about the performance test of the cavity

Summary of the performance test

Both frequency characteristics of TM110 and TM210 are measured and consistent

with simulation results. Candidates of reasons of difference between measurements

and simulations are shapes (see Section 4.5.3) of antennas and parameters of tuning

bars such as dielectric tangent or electric permittivity. Such material parameters are

varied with a manufacturing process of alumina. Compared with the case dielectric

tangent is (tan δ = 0.0004) which is default value at CST STUDIO and tan δ = 0.004,

the resonance frequency of TM110-1 is shifted of 4 MHz.

Optimization of the inner diameter of the cavity

The sweep range of the TM110 mode by tuning bar1 is 1.948 GHz to 1.934 GHz and

that of the TM210 mode by tuning bar2 is 2.608 GHz to 2.537 GHz (see Figure 4.29

and 4.31). Compared to transition frequencies of ν12 and ν34 (see Equation 4.2 and
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tuning bar3
20mm×100mm×2.5mm

tuning bar2
20mm×200mm×2.5mm

tuning bar1
20mm×100mm×5mm

Figure 4.34: Three tuning bars are used for this measurement. The sweep range of

tuning bar3 is shorter than other bars and the line shape of tuning bar2 is parallel to

that of tuning bar1.
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Figure 4.36: A difference of sweep range of TM210 mode between several tuningbars.

the parallel relationship of the line shape of tuning bar1 and tuning bar2 is not kept.
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displacement = 0 mm displacement = 8 mm 

Input port for TM110

Tuning bar for TM110

Tuning bar for TM210

Input port for TM210

Output port

Figure 4.37: A cross-sectional view of the electric fields of the TM210 mode. The RF

field is rotates on axis of the cavity by inserting the tuning bar.
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4.3), transition frequency of ν34 is in the sweep range while ν12 is out of the range. To

reach both transition frequencies, some improvements are needed. Moreover, about 10

mm displacement is needed to reach transition frequencies in the case of ν34 and there

is still a room to optimize. This section describes improvement of the sweep range and

uniformity of RF fields.

A possible improvement of sweep range is moving the resonance frequencies of the

cavity close to the transition frequencies. It is possible by changing the diameter of the

cavity. The thickness of the cavity is 15 mm and it is possible to widen inner diameter

by several millimeter. Figure 4.38 and 4.39 show relations between diameter of the

cavity and the resonance frequencies of the TM110 mode and the TM210 mode by

the simulation. The red line shows a resonance frequency without tuning bars and the

blue line shows a one with tuning bars (20 mm × 100 mm × 5 mm) placed at origin.

Since inserting the tuning bar decrease a resonance frequency, the resonance frequencies

when tuning bars are placed at origin should be higher than the transition frequencies.

Therefore, by widen the diameter of the cavity, the resonance frequencies are close to

the transition frequencies. However, there are gaps between in the simulation and the

measurement (see Figure 4.29 and 4.31). To determine the length to be widen, more

accurate estimation by simulation is needed.

Widen the diameter of the cavity is also able to contribute the uniformity of RF

field. If the resonance frequencies are close to transition frequencies, smaller tuning

bars or smaller displacement of the tuning bars are sufficient to reach the transition

frequencies (Also the distance between the tuning bars and inner surface of the cavity

at the origin point defined as 5 mm are able to be closer by changing the size of the

tuning bar supports.) Since the tuning bars mainly cause the fluctuation of the RF

field, this optimization acts as an improvement of uniformity of RF field.

4.3 RF cavity for zero field

The structure of the cavity for the zero field experiment is similar to the cavity for

the high field experiment. It also has sets of three flanges to stretch foils of 25 µm
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Figure 4.38: A relation between the diameter of the cavity and the resonance frequency

of the TM110 mode by simulation. The red line shows a resonance frequency without

tuning bars and the blue line shows with tuning bars put are placed at origin. The

green line is the ν34 transition frequency.
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Figure 4.39: A relation between the diameter of the cavity and the resonance frequency

of the TM210 mode by simulation. The red line shows a resonance frequency without

tuning bars and the blue line shows with tuning bars are placed at origin. The green

line is the ν34 transition frequency.
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thickness (Figure 4.40).

Figure 4.41 shows resonance frequencies of TM110 and TM210 modes in the cylin-

drical cavity. Since the cavity for zero field experiment only need to resonant TM110

mode around 4.463 GHz, the radius of the cavity is around 40.9 mm.

Figure 4.40: A photo of the cavity for zero field experiment. The cavity has support

rail to insert into the chamber in common with the cavity for high field experiment.

4.3.1 Tuning bar

Compare to the cavity for high field experiment, the diameter of the cavity is so small

that inner of the cavity can’t be accessed (Figure 4.42). Thus the size of the tuning

bar should be smaller than the diameter of the port (Figure 4.43).

Figure 4.44 shows a comparison of uniformity of RF field between by using a di-

electric tuningbar and an electric tuning bar. Contrary to the cavity for high field,
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Figure 4.41: A relation between a radius of a cylindrical cavity and resonance frequen-

cies of TM110 and TM210. The radius of the cavity for zero field should be 40.9 mm

to adjust resonant frequency of the TM110 mode to the transition frequency of Mu

HFS in zero field.
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230 mm

81 mm

304 mm

187 mm

cavity for strong field cavity for zero field

Figure 4.42: A comparison between the cavity for high field experiment and for zero

field experiment. Inner diameter of the cavity for zero field experiment is shorter than

for high field experiment because of resonance frequencies. The axial Length of the

cavity for zero field experiment is optimized for the solid angle of decay positrons.
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Figure 4.43: A schematic drawing of the tuning bar for zero field experiment.
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An electric tuning bar is prefer for the uniformity on the axis in case of zero field

experiment. Two different thicknesses (10 mm, 20 mm) of aluminum tuning bars are

prepared for the measurement.
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Figure 4.44: A comparison of uniformity of RF field between by using the dielectric

tuningbar and the electric tuning bar. An electric tuning bar is prefer for the uniformity

on the axis in case of zero field experiment as shown in below figures.

4.3.2 Cavity length

Although decay positrons move while rotating windingly around the magnetic field

in the case of high field experiment, those go straight ahead from the position that

muoniums decay in zero field experiment. Thus acceptable solid angle of positrons in

zero field is depend on the axial length of the cavity. The cavity length is optimized

by considering both generation efficiency of muonium in a low gas pressure and an

acceptable solid angle of positrons (Figure 4.45). According to the simulation using

GEANT4[7], the optimism length is 230 mm.
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Figure 4.45: Decay positrons go straight ahead from the positions that muoniums

decay. In case the axial length is 300 mm, Partly positrons hit the wall of the cavity

before the detector (240 mm× 240 mm).

4.4 Performance test for the cavity for zero field

4.4.1 Test for the tunability of the cavity

Figure 4.47 shows a relation between a displacement of the tuning bar and a resonance

frequency of the TM110 mode. As shown in this figure, the sweeping range of the

system is from 4.458 GHz to 4.48 GHz and it includes the frequency value of Mu HFS.

4.4.2 Measurement of Q factor

Figure 4.48 shows a result of the measured Q factor of the TM110 mode. By fitting

with a Lorentzian function, Q factor is calculated as 8.78× 103.

4.5 RF system

4.5.1 RF system for zero field experiment

RF system for high field experiment is shown as Figure 4.49. The Microwave is gen-

erated from RF generator (HP Agilent 8671B), and amplified by the RF amplifier
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Figure 4.46: A relation between an axial cavity length and detected positon per beam

pulse simulated by GEANT4[7]. 230 mm is an optimal length for the zero field exper-

iment in 1.0 atm pressure.
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Figure 4.47: A relation between a displacement of the tuning bar and a resonance

frequency of the TM110 mode. An origin of the displacement is defined that the front

of the tuning bar is located on the inner surface of the cavity. The resonance frequency

increases depend on the displacement at positive values. The sweeping range of the

system is from 4.458 GHz to 4.48 GHz and it includes the frequency value of Mu HFS.
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Figure 4.48: The measured Q factor of the TM110 mode. Q factor is calculated

from FWHM of the resonance shape. FWHM is obtained from fitting with Lorentzian

function.
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(ZVE-8G). The maximum output power of the RF amplifier is 2.5 W. The microwave

is delivered coaxial pipes and coupled into the cavity by the input loop. Coaxial pipes

and couplers are under designing now to suppress a fluctuation of a RF power. The

microwave power in the cavity is coupled into a pickup loop and measured by the

thermal power sensor (R&S NRP-Z51). The measured power is feedback to the signal

generator to stabilize the input microwave power.

4.5.2 RF system for high field experiment

RF system for high field experiment is shown as Figure 4.50. Microwaves for the TM110

mode and the TM210 mode are generated from RF generator (R&S SMBV100A). Even

the aging of the reference frequency of the generator is 1× 10−6 year, GPS frequency

reference standard is prepared to stabilize the frequency. The maximum output power

of the RF Amplifier is 15 W. Microwaves are amplified by RF amplifier (R&S BBA

150). Microwaves for both resonance modes are coupled into the cavity by two input

loops. The system for RF power monitoring and feedback to RF generator is common

with the system for zero field experiment.

4.5.3 RF ports

In performance tests of cavities, coaxial cables are used as substitute for coaxial pipes.

Cables are connected to the network analyzer by N connectors and to the cavity by

SMA connectors using converters. Antennas are used a 0.9mm ϕ enameled round

copper wire jointed to the outer conductor by crimping terminal and solder-mounted

to the inner conductor. Figure 4.51 are photographs of each RF antenna. Coupling

of ports is determined by a planar dimension of loops. Area of input loops is tuned

near the 7 cm2 which is optimum value in simulation. On the other hand, output loop

is made as small as possible not to couple strongly. Frequency characteristics depend

on the shapes of antenna loops even areas of loops are same. Figure 4.52 shows a

comparison of s11 of TM110 with two different shapes of antennas. Thus a Q value and

a resonance frequency are varied with shapes of antennas which causes the difference
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RF generator
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(Mini-Circuits

ZVE-8G)
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Figure 4.49: A diagram of RF system for zero field experiment.
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Figure 4.50: A diagram of RF system for high field experiment.
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Input antenna for TM110 Input antenna for TM210 Output antenna

Figure 4.51: A photograph of RF antennas for the measurement.

between a measurement and a simulation.

4.5.4 Feedback test

RF power is stabilized by the feedback system. The RF power in the cavity is moni-

tored by thermal sensor and the LabVIEW[59] program on a PC manipulates the RF

generator from monitored values (Figure 4.50, 4.49). Figure 4.53 shows a result of

RF power stability test for 4 hours. By using a RF feedback system, power drift is

suppressed and the power is stabilized within 0.02 %.

4.6 Gas chamber

4.6.1 Overview of the gas chamber

A gas chamber is necessary for sealing the Krypton gas in the cavity. For high field

experiment, the material of the chamber is only used aluminum (A2219) as a non-

magnetism material. The chamber has the front window (diameter: 100 mm, thickness:
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Figure 4.52: Comparison of s11 of TM110 with two different shapes of antennas. The

resonance frequency of TM110-1 is varied about 1.1 MHz by the shape of the antenna

loop.
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Figure 4.53: A result of RF power stability test for 4 hours. A blue line shows a RF

power without a feedback system and a red line shows a RF power with a feedback

system. By using a RF feedback system, power drift is suppressed and the power is

stabilized within 0.02 %.
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0.1 mm) on the front flange which allow the passage of muons. On the other hand, there

is the back window (diameter: 180 mm, thickness: 10 mm) to pass decay positrons

(Figure 4.54). The chamber has 13 ports for 3 RF ports, 2 ports for tuning bars,

gas inlet and evacuation port, feedthrough ports for thermometers and NMR probes,

feedthrough ports for cooling water inlet and outlet and 2 extra ports (Figure 4.55 and

4.56).

304 mm

187 mm

front window (0.1mmt)

feedthrough for cooling water

feedthrough for RF pipe

450 mm

380 mm

180 mm

back window (10 mmt)100 mm

Figure 4.54: A schematic cross-sectional view of the gas chamber surrounding the

cavity.

4.6.2 Pressure test for the foil

Two different test flanges are prepared for the pressure test (Figure 4.57) of the foil.

When the pressure difference at the foil is 1 atm, the distortion at the center of the

foil is negligible in case of test flange1, about several millimeters in case of test flange2.

Thus the foil of that the thickness is 0.1 mm, diameter of 100mm satisfy to withstand

pressure difference of 1 atm which is required for the Mu HFS measurement.
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evacua�on port

inlet port

feedthrough for

NMR probesfeedthrough for

thermometers

feedthrough for

coolingwater inlet

feedthrough for

coolingwater outlet

Figure 4.55: A schematic view of the back side of the gas chamber.
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front window (0.1 mmt)

extra port extra port

Figure 4.56: A schematic view of the front side of the gas chamber. The chamber has

the front window (diameter: 100 mm, thickness: 0.1 mm) on the front flange which

allow the passage of muons.
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50 mm

114 mm

100 mm

152 mm

test flange 1

test flange 2

aluminium foil(A2219)

0.1 mmt

aluminium foil(A2219)

0.1 mmt

welding

welding

Figure 4.57: Drawings of test flanges. Test flange1 has the foil of that diameter is 50

mm, test flange2 has the foil of that diameter is 100 mm.
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Figure 4.58: Photo of the pressure test for test flange2. The pressure difference at the

foil is 1 atm since the chamber is evacuated by a rotary pump.
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4.7 Gas system

The gas system is developed for stable controlling of a gas pressure and monitoring a

gas pressure and a its purity in the chamber. As discussion in Subsection 4.7.1, gas

purity is critical for the systematic uncertainties. Thus, all connections are using VCR

and assembling of the system is done in CLASS 1000 clean room. The acceptable leak

rate of welding points of the system is 4.0×10−10 Pa ·m3/s. Krypton gas is transferred

from the system to the gas chamber by flexible metal tube of the length is 5 m and the

thickness is 1/4 inch.

4.7.1 Gas sampling

In order to avoid chemical reactions and depolarizing collisions, we should carefully take

care of the purity of Krypton gas. Especially, the cross section for a muonium − O2

depolarizing electron spin exchange collision is very large (≈ 5 × 10−16 cm−2 ) (see

Table 4.7). The muon polarization P can be determined from the angular distribution

molecule interaction σ at 0.52 T (unit = 10−16 cm2) σSE (unit = 10−16 cm2)

NO2 NO2 +M → NO+OM ≤ 23 · · ·

O2 Spin exchange 5.4(3) 5.9(6)

NO Spin exchange 3.2(2) 7.1(1)

C2H4 C2H4 +M → C2H4M 0.29(16) · · ·

H2, N2, SF6 · · · ≥ 0.01 · · ·

Table 4.7: Muonium (M)-molecule cross sections [11, 12].

of the decay positrons and is assumed to vary with time t as

P (t) = P0 exp (−λ2t), (4.7)

where P0 is the initial polarization of the muons which form muonium. If the collision

depolarization mechanism is an electron-spin exchange process, as is expected for a

paramagnetic molecule, then the theory of the muon depolarization can be given in
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terms of a density matrix formulation of the equations for the populations of the four

HFS levels. The dependence of λ2 on H is found to be

λ2 = λ20/(1 + x2)
1
2 , (4.8)

in which λ20 is the depolarization rate for H = 0. λ20 of collision with oxygen is

measured as [12]

λ20/n ≈ 3× 10−16cm3/µs, (4.9)

where n is the number of interacting molecules per cm3. This equation suggests that

the effect of contamination is maximum in zero field experiment. Assuming a 1 ppm

contamination of oxygen in 1 atm krypton gas, λ2 at zero field is calculated as

λ2 ≈ 8.1× 103 /s (4.10)

A figure 4.59 shows a P0 dependence on oxygen contamination. As shown in this

figure, the contamination of oxygen should be less than a ppm.

The gas system has 6 sampling bottles which can be release independently from

the system during a measurement. By measurement of sampling gas using a Q-mass

(quadrupole mass spectroscopy), purity of the gas can be measured at the level of ppm.

Requirement of a gas purity is discussed in Subsection 4.7.1.

4.7.2 Pressure guage

The transition frequencies of muonium measured in a gas vary with the gas density due

to the distortion of the muonium wavefunction in collision. At a constant temperature,

two-body collisions between a muonium atom and a krypton atom cause a shift which is

proportional to the krypton pressure at fixed volume [60]. Also three-body interaction

between muonium atom and two krypton atoms yield a shift proportional to the square

to the krypton pressure at fixed volume [61]. The shift in the transition frequency is

described as

νij(P ) = νij(0)(1 + aijP + bijP
2). (4.11)
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Figure 4.59: A P0 dependence on oxygen contamination. The contamination of oxygen

should be less than a ppm.
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b is obtained by earlier experiment at LAMPF [62] as

b = (9.7± 2.0)× 10−14 Torr−2. (4.12)

a is also obtained by latest experiment at LAMPF [4] as

a12 = −8.669(26)× 10−6 atm−1, (4.13)

a34 = −7.665(25)× 10−6 atm−1. (4.14)

Gas pressure is measured by the capacitance gauge (M-342DG-13). It has a mea-

suring range of 1.33 kPa with an uncertainty of 0.20 % of reading. Moreover, the silicon

gauge (RPM4-AD) is also plan to use. It has a measuring range of 1.6 kPa with an

uncertainty of 0.020 % of reading.

The uncertainty from a gas pressure is described in Section 5.6.

4.7.3 Relief valve

Low-Pressure Proportional Relief Valve is prepared for safety. Maximum working pres-

sure is 0.2 MPa.

gas chamber

Kr bottle TMP2

RP2

TMP1

RP1

VCR

gas panel

needle valve

KF

sample bottle

vent

flexble cableregulator

pressure guage

Figure 4.60: A diagram of the gas system.
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Figure 4.61: A photo of the gas system.
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4.8 Magnetic shield for zero field

4.8.1 Measurement of the magnetic field in D2 area

For zero field experiment, a magnetic field in the cavity should be less than 100 nT.

Figure 4.62 shows a measurement result of a magnetic field in case of magnet on and

off in the experimental area of D Line (D2 area). Magnetic fields in the experimental

area are coming from earth magnetism, magnetized poles under the base plate and

quadrupole magnets to guide the muon beam. There is decay component of the mag-

netic field with a height from the base which is caused by the magnetized poles under

the base plate as shown in Figure 4.63. From these measurement values, the magnetic

field in the area is reproduced by simulations using TRICOMP (Figure 4.64, 4.65).1

4.8.2 structure of magnetic shield

Figure 4.66 shows a schematic view of the magnetic shield with other apparatus. The

magnetic shield is composed of 3 layers of 1.5 mmt boxes made of permalloy. Figure

4.67 shows apertures of the shield. These apertures are located symmetrically to care

about homogeneity of magnetic field in the shield.

4.8.3 simulation of magnetic shield

Simulation of the effect of apertures of magnetic shield

Figure 4.68 shows a comparison of magnetic fields in the shield between different di-

ameters of the front window of the shield. Compared to the case of 20 cm, Leakage

magnetic field from the front window in the case of the diameters are down to 14 cm

are negligible compared with the exude magnetic field from plates of the shield.

Simulation of the effect of thickness of the plates

Figure 4.69 shows a comparison of magnetic fields in the shield between different thick-

nesses of plates of the shield. In this simulation, the relative permeability of the plates
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Figure 4.62: Measurement of the magnetic field at D2 area. A left figure shows the

magnetic field on beam axis in case magnet on, a right figure shows the magnetic field

in case magnet off.

129



Chapter 4 Appratuses

y (mm)
0 200 400 600 800 1000 1200 1400 1600

B
 !

e
ld

 (
u

T
)

0

20

40

60

80

100

120

140

160

180

200

Figure 4.63: The magnetic field at D2 area in the direction of y axis. the origin of the

y is defined as a position of the surface of the base plate.
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Figure 4.64: A xy cross sectional view of the magnetic field in D2 area generated by

simulation. Magnetized poles generate the magnetic field depend on the height from

the base plate.
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Figure 4.65: A xz cross sectional view of the magnetic field in D2 area generated by

simulation. Quadratic magnets generate the magnetic field to guide the muon beam.
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magnetic shield

gas chamber

750 mm

550mm

50 mm

50 mm

layer 1

layer 2

layer 3

Figure 4.66: A schematic view of the magnetic shield surrounding the gas chamber.

The magnetic shield is composed of 3 layers of 1.5 mmt boxes made of permalloy.
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Figure 4.67: Drawings of front panels and a back panel of layer 3. Front panels are

separated to upper part and lower part to install the beam duct extension after an

installation of the magnetic shield.
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Figure 4.68: A comparison of different diameter of the front window of the magnetic

shield. The magnetic shield is composed of 3 layers of 1.5 mmt boxes made of permalloy.

In case that the diameter is from 100 mm to 140 mm, a leakage field in the cavity region

from the front side is not dominant compared from other sides.
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is set to 12000. From this simulation, 1.5 mmt is enough to achieve under 1 mG

magnetic field in the shield.

4.8.4 Performance test for the magnetic shield

Performance test for the magnetic shield was held at S1 area. Figure 4.70 shows a

setup of the test. Mounting bases for the magnetic shield and the magnetic probe

system are installed at the S1 area. The magnetic probe can move independently from

the magnetic shield in the range of the length of the shield (750 mm). First, Magnetic

fields on the beam axis without the magnetic shield are measured (Figure 4.71). Then

the magnetic shield is assembled on the mounting base, and magnetic field with the

shield was measured. As shown in this figure, the magnetic field is suppressed at the

level of mG in the magnetic shield.

System for a magnetic field scan

Figure 4.72 shows a schematic view of the system for magnetic field scan. The edge of

the support rod can be attached and removed two different probe holders, for scan on

axis and on cylinder surface.

Mechanism of a magnetic probe A magnetic probe for the measurement is used

fluxgate magnetometer for 3 axis (MTI FM-3500). The linearity of the probe is 5

nT (0.5% of F.S.) and the precision is 0.5 nT for each axis. Fluxgate measures a

magnetic field on a single axis by using a non-linear response of high-permeability

material. Figure 4.73 shows a typical mechanism of a fluxgate. A relation between a

magnetization (M(H)) and a magnetic field (H) can be expressed as

M(H) = χ1H + χ2H
2 + χ3H

3. (4.15)
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Figure 4.69: A comparison of magnetic fields in the shield between different thicknesses

of plates of the shield. In this simulation, the relative permeability of the plates is set

to 12000.
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magnetic probe

Q magnet

magnetic shield

before assembling

after assembling (w/o top panel)

Figure 4.70: A photo of the installation of the magnetic shield and the system for

magnetic field scan. Magnetic probes are inserted from the ϕ40 hole on back panels.
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Figure 4.71: A result of the performance test of magnetic shield in S1 area. There is

little variation of magnetic fields between magnet on and magnet off. The magnetic

shield reduces the external field about one-thousandth.
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magnetic shield

probe holder for on axis probe holder for on cylinder surface

acryl

magnetic probe

Figure 4.72: A schematic view of the system for magnetic field scan. The edge of the

support rod can be attached and removed two different probe holders, for scan on axis

and on cylinder surface.

Then the induced electromotive force (E) of 2nd coil from an external magnetic field

(H0) and a magnetic field of 1st coil (H1) is

E =
d(M(H0 +H1) +M(H0 −H1))

dt
(4.16)

=
d2(χ1H0 + χ2H

2
0 + χ3H

3
0 + (χ1 + 3χ3H0)H

2
1 )

dt
(4.17)

= 4A(χ1 + 3χ3H0) sin(2ωt). (4.18)

If

H1 = A sin(ωt), (4.19)

then

E = C0 cos(ωt) + 3χ3H0 sin(2ωt) + 3χ sin(ωt)2 cos(ωt). (4.20)

By detecting a second order oscillation in 2nd term of the equation, the strength of

the external magnetic field H0 can be obtained.
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Figure 4.73: A typical mechanism of a fluxgate magnetometer. A fluxgate measures

a magnetic field on a single axis by using a non-linear response of high-permeability

material.
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4.9 Data acquisition system

4.9.1 Data acquisition system for environmental monitoring

Figure 4.74 shows a schematic diagram of the monitoring system for RF system, gas

system and magnetometers. These values are taken every minutes and recorded using

a Labview software.

Capacitance Guage

(M-601GC)
Power senser

(RS-NRP2)

Signal Generator

HP 8671B

RF

Gas

Magnet

Gaussmeter

(FM-3400A)

Gaussmeter

(FM-3400A)

Gaussmeter

(FM-3400A)

Network Analyzer

tuningbar control

monitoring PC

RS-232C

GPIB

USB

USB

USB

GPIB

server

internet

Figure 4.74: A schematic diagram of the monitoring system for RF system, gas sys-

tem and magnetometers. These values are taken every minutes and recorded using a

Labview software.

4.9.2 Data acquisition system for detectors

Data aquision system for detectors is developed by S. Kanda and others. Signals

from positron detectors are read by Kalliope (KEK Advanced Liner and Logic board

Integrated Optical detector for Positron and Electron) developed by the Electronics
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Group and Institute of Material Structure Science (IMSS) of KEK[63]. Data of multi-

hit TDC is transferred to the computer by Ethernet.

4.10 Beam monitoring system

Systematic uncertainties from a RF field and a magnetic field are able to be suppressed

by analysis by using a field maps and muonium distributions from two different beam

monitors.

Rotary Motion Drive Feedthrough

scintillation plate

FBPM TBPM

IIF CCD

gas chamber

Figure 4.75: A schematic drawing of a beam monitoring system. Before a measurement,

3 dimensional muon stopping distributions in a certain gas pressure are taken by using

a TBPM. Fluctuations of distributions are monitored by FBPM during a measurement.

FBPM

2–dimensional muon distribution is measured by a front beam profile monitor (FBPM)

simultaneously for monitoring the stability of beam profile and relatively beam intensity

during every data taking time developed by S. Kanda and others [91]. FBPM is

composed of 2 layers of scintillation fiber arrays. The thickness of the fiber is 100 µm

which allow the passage of muons. The detection area is 100 mm × 100 mm which

cover the three standard deviation range of the muon beam.
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Figure 4.76: A photograph of FBPM.
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TBPM

Before taking data, the 3-dimensional muon stopping distribution in the gas chamber is

measured by a target beam profile monitor (TBPM) developed by S. Kanda, Y. Ueno

and others[64]. Muons pass through in the chamber stop at the scintillation plate at

the certain positon on the beam axis. Illuminations maps on the plate is taken by

image intensifier (IIF) and CCD which are placed in the rear of the chamber.

Figure 4.77: A photograph of TBPM.

4.11 Positron Detector

The detector for decay positrons is developed by S. Kanda and others[65]. The Positron

detector is composed of 576 channels of segmented scintillators (10 mm × 10 mm ×
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Figure 4.78: A typical measured muon beam profile. The scintillator plate is located

on the center of the cavity and the gas pressure is 0.3 atm.
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Figure 4.79: A relation between the profile position and the position of the scintillator.

The origin point of the position is defined as the cavity center.
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Figure 4.80: A relation between the profile width and the position of the scintillator.

The origin point of the position is defined as the cavity center.
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3 mmt) directly mounted on Multi-Pixel Photon Counter (MPPC). The detection area

is 300 mm× 300 mm.

For measurement at high intensity pulsed muon beam line, it endures in use for

high rate positrons such as 3400 e+.

4.12 Superconducting magnet

The superconducting magnet developed by K. Sasaki and others is used for the high

field experiment to apply 1.7 T magnetic field. The magnet provides a magnetic field

with a stability of 0.003 ppm/hour. The field homogeneity reaches at the ppm level by

using a shimming method. First, measure a magnetic field at 576 points on an ellipsoid

surface. Then put iron pieces into pockets surrounding the inner surface of the magnet

to correct a variation of a magnetic field.

The uncertainty from magnetic field is discussed in Subsection 5.9.

4.12.1 NMR probe

The magnetic field in the superconducting magnet is measured by the set of NMR

(nuclear magnetic resonance) probes. The continuous-wave spectroscopy (CW spec-

troscopy) is used for this measurement. The NMR spectra is obtained as the RF

absorption signal by applying the reference RF and the modulation magnetic field in

a certain external magnetic field (Figure 4.82). The magnetic field map is obtained by

the set of NMR probes driven by ultrasonic motor, and the fluctuation of the magnetic

field during the measurement is monitored by several fixed NMR probes. The system-

atic uncertainties from NMR probes are discussed in Subsubsection 5.9.1. This system

is developed by K. Sasaki, Y. Ueno and T. Mizutani and others.

4.12.2 Shimming

The inhomogeneity of the magnetic field in the superconducting magnet is reduced by

mounting a shim plates made of iron on the inner coils. Figure 4.83 shows a positions
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Figure 4.81: A photograph of superconducting magnet.
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sweeping a B field

signal

RF field

pure water

NMR controller

B field

Figure 4.82: An overview of the CW spectroscopy of NMR. The NMR spectra is

obtained as the RF absorption signal by applying the reference RF and the modulation

magnetic field in a certain external magnetic field. External magnetic field is obtained

by the reference magnetic field at the zero-crossing of modulation magnetic field.

to mount shim plates.
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shim trayshim lane

(a) (b)

Figure 4.83: Photo of the superconducting magnet and shim trays on the inner surface

of the magnet. (a) There are 24 shim lanes at regular intervals. (b) Each shim lanes

have 24 shim trays which enable to load up to 13 cm3.
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Analysis and evaluating

uncertainties

The statistical uncertainty and systematic uncertainties are estimated in this chapter.

For each kind of uncertainty, a summarized table is given for quantities we measure in

the experiment (Table 5.1).

δν12 an uncertainty of the ν12 transition in high field experiment

δν34 an uncertainty of the ν34 transition in high field experiment Hz

∆νHF an uncertainty of Mu HFS value in high field experiment

∆νZF an uncertainty of Mu HFS value in high field experiment

µµ/µp an uncertainty of the muon-proton magnetic moment ratio in high field experiment

Table 5.1: A description of the summarized table of uncertainties.

5.1 General approach

We have developed a full Monte Carlo simulation package to reproduce the resonance

line shape which will be observed in the experiment. The package tracks the whole

process of the experiment which includes the muonium formation in krypton gas, tran-

sitions between atomic states via the interaction with a RF field under a magnetic field,
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the weak decay of muon which emits a positron, and positron detection by detectors.

This package is used to evaluate systematic uncertainties of the experiment, and will

be the base for the analysis code for the experimental data.

The simulation package consists of four parts (Figure 5.1). The first part generates

the map of muon stopping distribution within experimental apparatus using GEANT4

Monte Carlo package. All apparatus such as beam line magnets and ducts, the front

beam profile monitor, the gas chamber filled with krypton gas, the RF cavity within

the chamber are all modeled in the code.

The second part generates the map of strength of RF field inside the cavity using

CST STUDIO. The physical dimensions and properties of the RF cavity and tuning

bars are taken into account in the calculation.

The third part calculates the detection efficiency of a positron emitted following

the decay of muon as a function of the initial kinetic energy, direction and the positron

muon decay using GEANT4 Monte Carlo package. The code follows the path of the

positron from the positon where muon decays to where it stops in (or escapes from)

our apparatus under the magnetic field.

The last part curries out a Monte Carlo simulation to determine the observed

resonance line shape under as a function of RF frequency using the muon stopping

distribution map(Equation 3.13), the RF field map, the positron detection efficiency

map. Figure. 5.2 shows time evolutions of different resonance frequencies generated by

the tool. Transition probabilities can be calculated by integrating time evolutions from

t1 to t2. The code tracks the evolution of occupation probabilities of atomic states of

a muonium with RF field.

5.2 Fitting method

Systematic uncertainties are estimated from the change of the simulated resonance line

shape due to fluctuations of one of experimental conditions. If the variation results the

shift of the estimated value, it is listed as the systematic uncertainty. If the variation

results the widening of the confidence interval of the estimated value, the broadening
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Figure 5.1: A diagram of the simulation package. Probabilities of transitions are

calculated by using data sets of a magnetic field, a RF field. Then the observed

resonance line shape is determined by the Monte Carlo method.

154



Chapter 5 Analysis and evaluating uncertainties

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

time (us)

sta
te

 am
pli

tu
de

 (a
.u.

)

Figure 5.2: Typical time evolutions in case of the difference between the transition

frequency and the resonance frequency (∆ν) is 0 kHz(blue line), 250 kHz(red line), 500

kHz(green line).
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is listed as the systematic uncertainty. In following sections, we look at the functions

to fit the simulated resonance line shape.

5.2.1 conventional resonance line

The simplest function to fit the resonance line shape would be a Lorentzian function

as shown in Equation 3.15,

S(ω) = N
2|b|2

ω′2 + 4|b|2 + γ2
, (5.1)

where |b|2 is RF power. Though, this function gives poor fitting because the muonium

atoms interact with RF field of different strength, depending on its position. Figure

5.3, shows a time evolution with constant strength of the RF and the magnetic field

and distributed RF and magnetic field. According to this figure, the function to fit the

resonance line shape is required to be taken into account the relaxation of the time

evolution from the distributed RF field.

The fitting improves when the function is a convolution of the Lorentzian function

and RF power distribution map over. Thus, more proper function for resonance line

shapes by using a conventional method is

S(ω) =

∫ bmax

bmin

N(b)
2|b|2

ω′2 + 4|b|2 + γ2
db (5.2)

Figure 5.4 shows a comparison of chi squares of Equation 5.1 and Equation 5.2.

Thus Equation 5.2 enables proper fittings for resonance line shapes.

5.2.2 oldmuonium resonance line

In case of oldmuonium method, the fitting function is convolution of Equation 3.14

with the histogram of the RF power as

S(ω) =

∫
N(b)

2|b|2

Γ2
(e−γt1(1− (cos Γt1 −

Γ

γ
sin Γt1)

γ2

Γ2 + γ2
) (5.3)

−2|b|2

Γ2
(e−γt2(1− (cos Γt2 −

Γ

γ
sin Γt1)

γ2

Γ2 + γ2
)) (5.4)
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Figure 5.3: Typical time evolutions of a sum of state amplitudes |a1(t)|2+ |a2(t)|2 (red

line), a state amplitude |a1(t)|2 with constant strength of the RF and the magnetic

field(blue line), and an integrated state amplitude |a1(t)|2 with distributed RF and

magnetic field (green line) obtained by the simulation package. There is a relaxation

effect by distribution of a RF field and a magnetic field in case of distributed muoniums.
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Figure 5.4: Comparison of chi squares of Equation 5.1 and Equation 5.2.
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5.3 Statistical uncertainties

A statistical uncertainty can be improved by optimizing the t1 and t2 of Equation

3.14. Figure 5.5 shows a resonance line shape in case of t1 = 0 and t2 = ∞ which is

called ”conventional method” and upper of this figure show time evolutions of state

amplitudes of each points.

Figure 5.6 shows a resonance line shape in case of t1 = 6 µs and t2 = 7 µs which is

called ”oldmuonium method”. Signal ratios of each points are proportional to value of

integral of time evolutions from t1 to t2. As Equation 3.13 shown, the time evolution

is determined by the strength of microwave. Thus, a linewidths of a resonance line can

be reduced by optimizing t1 and t2.

Figure 5.7 shows a relation between statistical uncertainties by using the oldmuo-

nium method and t1 in case of t2 − t1 = 1 µs. The horizontal line shows a statistical

uncertainty using conventional method by using same number of muons. It assumes

that scan range is 400 kHz and number of scan points is 21. The number of muonoiums

to use of each points is 108. The line broadening from the microwave increase the sta-

tistical uncertainty in case of low t1. On the other hand, since the number of observed

muonium is decreased in case of high t2, the statistical uncertainty is increased even

the linewidth is narrow.

Figure 5.8 shows relation between t1 and the center value of the resonance lines.

It assumes the same scan range and the statistics as Figure 5.7. The red band shows

the uncertainty bar of the average value of 6 results using the old muonium method

from t1 = 0 µs to t1 = 10 µs. As a result, the uncertainty by using a conventional

method is 18 Hz and by using an oldmuonium method is 9.4 Hz which is superior to

a conventional one. Moreover, the average value of 6 results using the old muonium

method which is so called time-slicing method enable to improve uncertainty such as

4.9 Hz.

The intensity of H Line is 1× 108/s and D line is 1.5× 107/s. The number of decay

positrons per a muon is 0.7 % obtained by the result of GEANT4[7] simulation. Then

the statistical uncertainty is under 5 Hz by measurement in high field for a week at
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Figure 5.5: A typical resonance line shape using a conventional method obtained by the

simulation package. The total number of muons are 108 at each frequency points. Total

counts of decay positrons are proportional to the integrated values of state amplitude

from t = 0 to t = ∞.
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Figure 5.6: A typical resonance line shape using an oldmuonium method obtained

by the simulation package. The total number of muons are 108 at each frequency

points. Total counts of decay positrons are proportional to the integrated values of

state amplitude from t = t1 to t = t2. Even the total counts are decreased, FWHM of

the peak is narrower than the peak obtained by using a conventional method.
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Figure 5.7: Relation between statistical uncertainties by using the oldmuonium method

and t1 in case of t2− t1 = 1 µs. They assume that scan range is 400 kHz and number of

scan points is 21. The number of muonoiums to use of each points is 108. The horizontal

line shows a statistical uncertainty using conventional method by using same number

of muons.
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Figure 5.8: Comparison of statistical uncertainty between the conventional method

and the oldmuonium method. A blue point show the resonance frequency obtained by

the conventional method. Green points show the resonance frequencies obtained by

the oldmuonium method with 2 µs time interval at each t1 and the red band shows the

uncertainty bar of the average value of 6 results using the old muonium method from

t1 = 0 µs to t1 = 10 µs which is so called time-slicing method.
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H Line including both ν12 and ν34. Also, the statistical uncertainty is under 20 Hz by

measurement in zero field for a day at D Line.

δν12 3.5 Hz

δν34 3.5 Hz

∆νHF 5 Hz

∆νZF 20 Hz

µµ/µp 15 ppb

Table 5.2: Statistical uncertainty

5.4 Uncertainty from RF power

5.4.1 Evaluation at LAMPF experiment

As equation 3.15, the resonance line shape of conventional method (t1 = 0, t2 = ∞)

can be expressed as

S =
2|b20|

4π2α′2x2 + 4|b20|+ γ2
, (5.5)

where x is a difference between resonance frequencies and transition frequencies. The

stability of the RF power in LAMPF experiment is 0.01% and they assumed that the

fluctuation of RF power is proportional to the resonance frequencies such as

|b0|2 → |b0|2(1 + kx). (5.6)

Then Equation 5.5 is

S ′ =
2|b0|2(1 + kx)

4π2α′2x2 + 4|b0|2(1 + kx) + γ2
. (5.7)

By using approximation |kx| << 1,

S ′ ≈ 2|b20|
4π2α′2(x+ k′|b20|)2 + 4|b20|+ γ2

. (5.8)
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By comparison between Equation 5.5 and Equation 5.8, k′|b20| expresses the frequency

shift by fluctuation of the RF power and it is 2 Hz by substituting to 0.01 %. There

are following two problems for this discussion.

1. Validity of approximation even they express the frequency shift by 1st order of k

in Equation 5.8.

2. k′|b20| does not expresses the shift of the center value of the fitting function of the

resonance line, but the peak of it.

To consider about first item, plotting Equation 5.5 and Equation 5.7. by using same

parameters of LAMPF experiment (Figure 5.9). It shows that they underestimate the

frequency shift from 8 Hz to 2 Hz.
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Figure 5.9: A comparison between Equation 5.5 and Equation 5.7. 8 Hz of shift is

caused by 0.1 % fluctuation of the RF power.
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5.4.2 Uncertainty from RF power

By using the simulation tool, uncertainty from RF power in this experiment is evaluated

in this subsection. As described in 4.5.4, RF power is able to be stabilized within 0.02

%. Figure 5.10 shows systematic uncertainties from RF power depend on scanning

frequencies. As shown in B, monotonically increasing of RF power within 1 % distort

the resonance line shape. Due to this, the systematic uncertainty is 609 Hz. On the

other hand, if the random sequence is used for the RF scanning as D, the systematic

uncertainty is negligible.

δν12 2 Hz

δν34 2 Hz

∆νHF 3 Hz

∆νZF 3 Hz

µµ/µp 9 ppb

Table 5.3: Systematic uncertainty from RF power

5.5 Fluctuation of RF field by tuning bars

The RF field in the cavity is fluctuated by the displacement of tuning bars. Fig 5.11

and Fig 5.12 shows a histogram of RF power |b|2 affect to each muons in the cavity

in case of displacements of tuning bar are 0 mm and 1 mm. The number of muons

are 5.0 × 106 and RF fields are calculated by CST STUDIO[8]. Since peak position

of both RF field and muonium distribution is located on the center axis of the cavity,

this histogram is almost a monotonically increasing. However there is a small dip at

|b|2 = 1.2× 1013.

Figure 5.11 shows color maps of each ranges of |b|2. TM110 mode has one node

along the radial direction, one node along the angular direction and no nodes along the

axial direction. A weak RF field nearby nodes is shown in color map A and a strong
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Figure 5.10: Relations between variations of RF power and systematic uncertainties.

As shown in B, monotonically increasing of RF power within 1 % distort the resonance

line shape. Due to this, the systematic uncertainty is 609 Hz. On the other hand, if

the random sequence is used for the RF scanning as D, the systematic uncertainty is

negligible.
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RF field around the center of the axis is shown in color map C. In color map B, there

is a dip caused by the widest area of a RF field of certain power.

Let‘s consider the case that tuning bar displace from 0 mm to 1 mm during a

RF resonance scan. If the resonance lines are fitted by assuming a single RF field

map, systematic uncertainty is 180 Hz. By assuming that the uncertainty from the

fluctuation of RF field is proportional to the displacement of tuning bars, uncertainties

are calculated as Table 5.4.

δν12 4 Hz

δν34 4 Hz

∆νHF 6 Hz

∆νZF 4 Hz

µµ/µp 17 ppb

Table 5.4: Systematic uncertainty from RF field fluctuation

5.6 Gas pressure

Transition frequencies are changed by the variation of Hamiltonian through the colli-

sions with Kr atoms. Since a collision rate is proportional to a density of the Kr gas,

shifts of transition frequencies are expresses as

νij(P ) = νij(0)(1 + aijP + bijP
2), (5.9)

where νij(0) is a transition frequencies in vacuum. Transition frequencies in vacuum

can be extrapolated from values in certain gas pressures P1 and P2. Uncertainties from

gas pressure is coming from both quadratic term (bijP
2) and a precision of a pressure

gauge.

Quadratic coefficient bij is determined in a previous experiment as

b = (9.7± 2.0)−15 Torr−2[62]. (5.10)
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Figure 5.11: A histogram of RF power (|b|2) in case the displacement of the tuning

bar is 0 mm. The number of muons are 5.0× 106 and RF fields are calculated by CST

STUDIO[8]. Color maps shows a muonium distributions which feel certain range of

the RF power.
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Figure 5.12: A histogram of RF power (|b|2) in case the displacement of the tuning

bar is 1 mm. The number of muons are 5.0× 106 and RF fields are calculated by CST

STUDIO[8].
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The capacitance gauge (CANON ANELVA M-342DG-13) is prepared for the measure-

ment. The precision of the gauge is 0.20 % of reading. Moreover, the silicon gauge

(FLUKE RPM4-AD) is plan to prepare for the precise measurement. The precision of

the gauge is 0.02 % of reading. Figure 5.13 shows a how the quadratic term and the

precision of the gauge affect to an extrapolation. There are systematic uncertainties

from a precision of pressure gauge and a quadratic shift.

Figure 5.14 shows a relation between P2 and uncertainties. P1 is fixed to 0.3 atm

which is lower limit to stop muons in the cavity. It shows that the uncertainty from

capacitance gauge is relatively large compared from the quadratic shift. Figure 5.15 is

zoom up of Figure 5.14. It shows that the optimized P2 value is about 0.9 atm in case

of using a silicon pressure gauge.

pressure P
1

fi"ng : 

variable parameter

 quadra#c shi$
uncertainty of
pressure guage

uncertainty
from guage

 quadra#c shi$

fre
qu

en
cy

P
2

Figure 5.13: A relation between a gas pressures and transition frequencies. A transition

frequency can be obtained by extrapolation using values in different gas pressures.

There are systematic uncertainties from a precision of pressure gauge and a quadratic

shift.
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Figure 5.14: A relation between P2 and uncertainties. P1 is fixed to 0.3 atm which is

lower limit to stop muons in the cavity with collision. The uncertainty from capacitance

gauge is relatively large compared from the quadratic shift.

5.7 Temperature

Uncertainties from temperature results from two following parts (Figure 5.16). The

first part is by atomic interaction with krypton gas. It was suggested that the shift

results from a competition between the attractive-long-range (van der Waals) interac-

tion decreases the electron density at the nucleus, and the repulsive-short-range (Pauli

exclusion principle) part of the interatomic potential increases the electron density.

This part gives vertical error bars to data points of Figure 5.16. In the case of collision

between hydrogen and Argon gas, the shift is expressed as

(1/ν0)(δν/ρ) = A+B(T − T0). (5.11)
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Figure 5.15: A zoom up of Figure 5.14. The optimized P2 value is about 0.9 atm in

case of using a silicon pressure gauge.
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δν12 4 Hz

δν34 5 Hz

∆νHF 9 Hz

∆νZF 9 Hz

µµ/µp 19 ppb

Table 5.5: Systematic uncertainty from gas pressure

A and B was obtained at Yale University [66] as

A = (−4.800± 0.006)× 10−9 Torr−1 (0 ◦C), (5.12)

B = (+0.956± 0.011)× 10−11 ◦C−1Torr−1 (0 ◦C). (5.13)

The secound part is from a variation of gas density by a temperature. We use

pressures at 0 ◦C corresponded to gas densities calculated by monitored gas pressures

and temperatrures. The pressure at 0 ◦C is calculated the real gas equation

(P +
n2av
V 2

)(V − nbv) = nRT. (5.14)

The van der Waals constant are

av = 0.2325 barL2/mol, (5.15)

bv = 0.0396 L/mol[67]. (5.16)

This part gives horizontal error bars to data points of Figure 5.16.

Figure 5.17 shows uncertainties of ν12 transition in high field experiment from den-

sity variation and atomic collision. Horizontal axis is the P2 and P1 is fixed to 0.3 atm.

From this figure, the precision of the monitored temperature should be down to 0.01

K.

Stability of temperature in the chamber is achieved at the level of 0.1 K by both air

circulation by air cooled chillers and water cooling surrounding the cavity. Both zero

field and high field experiment, we plan to set 4 wires resistance temperature detectors

and monitor at several points on the outer surface of the cavity. The precision of 0.01
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Figure 5.16: The uncertainty from temperature fluctuation has two sources, from den-

sity variation and from an atomic collision.
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K is enable by a commercial product such as CAB-F201, then the uncertainties from

temperature can be summarized as Table 5.6.

δν12 2 Hz

δν34 3 Hz

∆νHF 4 Hz

∆νZF 5 Hz

µµ/µp 11 ppb

Table 5.6: Systematic uncertainty from temperature

5.8 Muonium distribution

The muon stopping distribution is monitored by beam monitoring system. The 3-

dimentional distribution can be obtained by TBPM at the precision of centimeter, the

2-dimentional projection is obtained by FBPM at the precision of millimeter (Sub-

section 4.10). The uncertainty from variation of muonium distribution during a RF

frequency scan is estimated by using the simulation package. Figure 5.18 shows results

of the estimation. In this estimation, the muonium distributions are assumed as gaus-

sian of radial width is 3 cm and axial width is 6 cm from the result of the beam test

(Subsection 4.10). According to this, the systematic uncertainty of a displacement of

1 mm in a radial direction is 4 Hz even in the worst case. Since RF field is uniform in

an axial direction, the systematic uncertainty from displacement in an axial direction

is negligible.
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Figure 5.18: Results of the estimation in case of that (a) muonium distributions are

constantly displaced of 3 mm in a radial direction, (b) muonium distributions are

displaced of 3 mm in a radial direction at higher frequency than the center value, (c)

muonium distributions are displaced of 1 mm in a radial direction at higher frequency

than the center value.

δν12 4 Hz

δν34 5 Hz

∆νHF 9 Hz

∆νZF 7 Hz

µµ/µp 127 ppb

Table 5.7: Systematic uncertainty from muonium distribution

5.9 Magnetic field

5.9.1 High field experiment

Dependence of a precision of magnetic probes

Magnetic field in the high field experiment is measured by NMR probe developed by

K. Sasaki, Y. Ueno and T. Mizutani and others. (Subsection 4.12.1). We measure the

NMR frequency not of free protons but of protons in a sample. The magnetic field at

the location of the protons, Hp, deviates from the external field H0,

Hp = (1− δt)H0, (5.17)
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in which δt is the shielding constant expressed as

δt = σ(H2O) + δb + δp + δs[68], (5.18)

where σ(H2O) is from the internal diamagnetic shielding in the water molecule, δb is

from bulk diamagnetism of the water sample which depends on the shape of the sample,

δp is from paramagnetic impurities in the water sample, δs is from paramagnetic and

diamagnetic materials nearby.

The value for σ(H2O) has been measured by comparing the NMR frequency of a

spacial pure water sample with the frequency of a hydrogen maser in the same magnetic

field as

σ(H2O) = 25.680(25)× 10−6[69], (5.19)

at a temperature T = 25◦C. The measured temperature dependence of σ is

dσ(H2O)

dt
= −10.36(30)× 10−9/◦C[70]. (5.20)

Shape effect δb is improved from the previous experiment by using a cylindrical

water container instead of spherical container. The value is estimated by OPERA[71]

which is simulation software for magnetic field as -4.525 ppm.

Effect from paramagnetic impurities in the water sample δp can be neglected by

using a ultra-pure water (Milli-Q by Merckmillipore).

Effects from paramagnetic and diamagnetic materials nearby are 0.08 ppb for Pyrex

tube, 0.046 ppb cupper pipe, can be neglected for modulation coil.

On the other hand, the precision of the measured NMR frequency of 60 ppb is

limited by the fitting to obtain the phase difference between the NMR signal and the

signal of field modulation.

Dependence of a precision of field calculation

Magnetic field distributions after shimming are calculated by assuming certain number

of magnetic moments surrounding the muonium distribution. The distribution is in
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good agreement with the result of magnetic field scan in a region of spheroid surface

(z =380 mm, r= 140 mm) (Figure 5.19).

Dependence of a magnetic field distribution

As shown in Figure 5.19, the peak to peak fluctuation of the magnetic field is 1.3 µT

of the region. The systematic uncertainty from the magnetic field distribution can be

estimated from the histogram of magnetic field effect on muoniums (Figure 5.20). The

result is

∆ν12 = ±7 Hz. (5.21)

νHF is obtained by equation νHF = ν12 + ν34, thus the uncertainty of νHF is not depend

on the absolute values of magnetic field in measurement of ν12 and ν34.

measurementcalculation

Figure 5.19: Comparison of magnetic field after shimming by calculation and measure-

ment in a region of spheroid surface (z =380 mm, r= 140 mm).

5.9.2 Zero field experiment

Systematic uncertainty from a leakage magnetic field in a magnetic shield can estimate

using a field maps by AMAZE simulation (Subsection 4.8.3) and muonium distribution.

The systematic uncertainty from the analysis is

∆ν = 9.7× 102 ± 1.0× 102 Hz. (5.22)
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Figure 5.20: A histogram of magnetic field effect on muoniums. The number of the

muons for each histograms is 109. The red line shows a result of Gaussian fitting and

standard deviation is 8.47 × 10−8 T which correspond to 7 Hz frequency shift of ν12

transition.
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To improve it, correction of using a scanning data of a magnetic field and Breit-Rabi

formula (Equation 2.26, 2.27) is effective. Then, remained uncertainties from magnetic

field is caused by dependence of a precision of fluxgate and a scan interval of magnetic

fields (Figure 5.21).

Dependence of a scan interval of magnetic fields

If we adopt a nearest neighbor method to analyze a magnetic field from scanning result,

there is a systematic uncertainty from a scan interval of magnetic fields. If both of scan

interval of magnetic fields and muonium distributions are 30 mm, the uncertainty from

the scan interval is

∆ν = 19 Hz. (5.23)

Dependence of a precision of a fluxgate

Magnetic fields in the chamber are scanned by a fluxgate before measurements, and

fixed monitored during measurements. The precision of fluxgate is 50 nT. The uncer-

tainty from both the scan interval and the precision of a fluxgate is

∆ν = 32 Hz. (5.24)

δν12 11 Hz

δν34 11 Hz

∆νHF 10 Hz

∆νZF 32 Hz

µµ/µp 48 ppb

Table 5.8: Systematic uncertainty from magnetic field
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Figure 5.21: Histograms of magnetic field effect on muoniums. The number of the

muons for each histograms is 109. The Red line shows a histogram without correction,

the blue line shows a histogram with correction by the magnetic field scan data of 30

mm interval, but without 50 nT uncertainty from magnetic probe, the green line shows

a histogram with correction and uncertainty from magnetic field. Without correction,

The sub mG of magnetic field shift the transition frequencies of each muons. With

correction by scanning results of the magnetic field improve the shift.
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5.10 Summary of uncertainties

Figure 5.22 shows sources of uncertainty for the zero field experiment. Compared with

the uncertainty of the latest experiment of 1400 Hz, this measurement can improve

the experimental uncertainty by more than a factor of 10. On the other hand , Figure

5.23 shows sources of uncertainty for the high field experiment. it also improve the

experimental uncertainty by a factor of 3 from the latest result at LAMPF.

previous exp.

sta!s!cs

magne!c field(inhomogeneity, precision of the probe)

gas pressure(precision of the guage, quadra!c term)

 RF field fluctua!on(displacement of tuning bars)

1400 Hz

20 Hz

32Hz

9 Hz

3 Hzvaria!on of RF power

6 Hz

gas temperature(atomic collision and density varia!on) 5 Hz

4 Hzmuonium distribu!on(varia!on of effec!ve RF field)

Figure 5.22: Sources of uncertainty for the zero field experiment(νZF) are listed.

previous exp.

sta�s�cs

magne�c field

gas pressure

RF field fluctua�on

RF power

gas temperature

53 Hz

5 Hz

9 Hz

3 Hz

4 Hz

4 Hz

11 Hz

120 ppb

9 ppb

15 ppb

17 ppb

19 ppb

11 ppb

48 ppb

muonium distribu�on 4 Hz19 ppb

Figure 5.23: Sources of uncertainty for the high field experiment are listed. The left

side of the figure shows a uncertainties of µµ/µp and right side shows a uncertainties

of νHF.
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Chapter 6

Discussion and conclusion

6.1 Current Status of the experiment

As described in Chapter 4, the apparatuses for experiments both in zero field and in

high field have been constructed fully. As demonstrated in the discussion in Chapter 5,

we are confident that all systematic uncertainties are well under control, and one day

of beam time at J-PARC MUSE will supersede the precision of latest measurement

of muonium HFS in a zero magnetic field. One week of beam time will supersede the

precision in a high magnetic field. We had a plan to carry out the zero-field experiment

at MUSE D Line in last November, but the beam time was aborted because of a trouble

in J-PARC accelerator complex. We envisage the resumption of the experiment in

early 2016 after restoration of the delivery of muon beams. The first beam at H Line is

expected in late fiscal year 2016. The preparation of the high-field experiment is under

way so that we can start the experiment right after the completion of the beam line.

6.2 Future prospects

Two possibilities are currently being considered to improve the systematic uncertainties

of the experiment. One possibility is to measure both ν12 and ν34 transitions in a so-

called“magic field”, which is about 1.137 T. Under this magnetic field, the magnetic
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Figure 6.1: A road map of the experiment. Zero field experiment will be start in 2016

and high field experiment in 2017.
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field dependences of both ν12 and ν34 becomes negligible (See Figure 6.2), thus the

uncertainty on
µµ

µp

from the uncertainty of the field strength disappears as shown in

Equation 2.26 and 2.27. We are currently designing a rectangular cavity which have

two resonance frequencies which match ν12 and ν34, because cylindrical cavities like the

one described in Section 4.1 cannot have satisfying resonance modes. Figure 6.3 shows

electric fields and magnetic fields of the TM120 and TM210 mode of the rectangular

cavity(The TM mnp mode in a rectangular cavity is characterized by three subscripts

m, n and p that corresponding to the number of half wave variations in x, y, z).

Thus resonance frequencies of TM120 and TM210 can be tuned for both nu12 and ν34

transition frequencies by adjusting the length and width of the cavity.

If successful, we plan to measure the frequencies under the magic field after the high

field experiment. Another possibility is use a mixture of krypton and helium gases as

the target to reduce the uncertainty due to the pressure shift. According to a study,

the pressure shift of hyperfine splitting of hydrogen atom in helium gas is

aHe = +3.7× 109 mmHg−1[72], (6.1)

which is positive, while the frequency shift in krypton is negative. If the pressure

shift for muonium atom is also positive in helium, there is a possibility that by mixing

krypton and helium, we can eliminate the pressure shift. Helium is a rare gas, so that

depolarization of muonium due to interaction with helium atom is negligible. There is

no previous report of pressure shift for muonium atom in helium, so we are currently

investigating theoretical models, and possibility to measure it by ourselves.
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Figure 6.2: A relation between νij and a magnetic field. In magic field, measured νij(H)

is independent to field changes δB.
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strength of E field strength of B field

strength of E field strength of B field

resonance frequency = 2.535 GHz

resonance frequency = 1.916 GHz

Figure 6.3: Electric fields and magnetic fields of the TM120 and TM210 mode of

the rectangular cavity. the length of the cavity is 205 mm and the width is 123 mm

to adjust both resonance frequencies of the TM120 and the TM210 to nu12 and ν34

transition frequencies at 1.137 T magnetic field.

189



Appendix A

RF fields of the TM110 mode and

the TM210 mode

The amplitudes of the microwave electromagnetic field in the cavity are

Hr = −H110

J1(x11
2r
D
)

x11
2r
D

sinϕ, (A.1)

Hϕ = −H110J
′
1(x11

2r

D
) cosϕ, (A.2)

Ez = E110J1(x11
2r

D
) cosϕ. (A.3)

for the TM110 mode and

H1r = −H210

2J2(x21
2r
D
)

x21
2r
D

sin 2ϕ, (A.4)

H1ϕ = −H210J
′
2(x21

2r

D
) cos 2ϕ, (A.5)

Ez = E210J2(x21
2r

D
) cos 2ϕ. (A.6)

for the TM210 mode, in which Hmnp and Emnp are amplitude, r is the radial coordinate

and ϕ is the azimuthal angle measured with respect to the position of the input loop.

The microwave power spatial distribution is proportional to

H2
1 (r, ϕ) = H2

1r(r, ϕ) +H2
1ϕ(r, ϕ). (A.7)

and Figure A.1 (A.2) and shows a radial cross sectional view of microwave power of

the TM110 (TM210) mode.
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Figure A.1: Radial cross sectional view of microwave power of the TM110 mode.
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Figure A.2: Radial cross sectional view of microwave power of the TM210 mode.
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Appendix B

Network Analyzer

A network analyzer is used for monitoring RF power in the cavity. It measures a

reflecting and transmitting power as S-parameter. Frequency range of the network

analyzer is 5 Hz to 3 GHz which is enough for this measurement. The input power is

set to −10 dBm.

S-parameter

The S-parameter of 2-port network is expressed asb1

b2

 =

S11 S12

S21 S22

a1

a2

 , (B.1)

where an is normalized amplitude of incident wave and bn that of exiting wave

defined as

ai =
VIi√
ZR

, (B.2)

bi =
VRi√
ZR

. (B.3)

where VIi is a voltage wave incident on each port, VRi is a voltage wave reflected from

each port and ZR is a reference impedance. In most cases including this network

analyzer, the reference impedance is set to 50 Ω.

Smn represent
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• S11: reflection coefficient of input port,

• S12: reverse voltage gain,

• S21: forward voltage gain,

• S22: reflection coefficient of output port.

The measurement using network analyzer takes two steps. At first, input antennas

should be tuned for resonance frequencies. It is taken as synonymous with that an

input impedance is equivalent to reference impedance at resonance frequencies. Using

Equation B.1, B.2 and B.3, the cavity impedance is described as

ZI = ZR
1 + S11

(1− S1)
, (B.4)

where ZI is a input impedance and ZR is a reference impedance. Thus coupling of

input port is able to confirmed by S11.

Secondly, RF power in the cavity is monitored S21 by RF input and output ports.

RF power in the cavity is usually expressed as a Q factor which is described in Section

B. When a input port couple to the cavity, the Q factor of the cavity is equivalent

to Qext which is described in Section B [73]. Thus RF power in the cavity can be

monitored by S21.

Quality factor

Q factor is defined by two ways: in terms of the ratio of the energy and in terms of

bandwidth.

Defined in terms of the ratio of the energy

RF energy stored in the cavity is expressed by a Quality factor (Q factor). It is defined

as

Q =
ω0W

P
, (B.5)

where ω0 is the resonance frequency, W is the energy stored in the cavity and P is the

energy loss rate per unit time from the cavity. Designing the high Q cavity is same

meaning as minimization of power losses in the cavity.

194



Chapter B Network Analyzer

There are several types of Q factors:

• unloaded Q (Q0),

• conductive Q (Qc),

• external Q (Qext),

• dielectric Q(Qd),

• loaded Q (QL).

where Qc is result from the power loss in the walls which have finite conductivity. The

absorbed power due to surface losses is calculated as

Pc =
1

2

√
πµf

σ

∫
|H|2∂S, (B.6)

where σ is the surface current density and f is the resonance frequency. Since the

dominant part of the Pc is from the surface current flow between the components of

the cavity, joint strength of them is important for high Q factor.

Qext is result from power loss through unclosed surfaces (holes) of the cavity. In

case of our cavity, there are RF input and output ports and the ports for tuning bars as

unclosed surfaces. To avoid the power loss, coupling of the input port which transports

RF power should be strong, but the coupling of other RF ports should be weak and

the size of the ports for tuning bars should be small as far as possible.

Qd is result from the power loss in the lossy dielectric material which is described

as

Pd = πf tan δϵ0ϵr

∫
|E|2∂V, (B.7)

where ϵ0 is the vacuum permittivity, ϵr is the electric permittivity and tan δ is the

dielectric tangent (see Section 4.1.5). This equation indicates that the power loss caused

by the dielectric material depends on the dielectric tangent, the electric permittivity

and the volume of the material. Since the sweep range of the tuning bar depends electric

permittivity and the volume the material but not the dielectic tangent, a material which

has low dielectirc tangent is good for Q factor.
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Unloaded Q (Q0) which is contained Qd and Qc but excluded Qext can be found as

1

Q0

=
1

Qc

+
1

Qd

[58]. (B.8)

Loaded Q (QL) contained all parts of Q factor can be found as

1

QL

=
1

Qc

+
1

Qext

[58]. (B.9)

Thus the energy loss in the cavity is caused by the combination of the surface

current on the cavity, microwave absorption by the dielectric material and the power

loss through unclosed surfaces of the cavity.

Defined in terms of bandwidth

The other common definition of the Q factor is in terms of bandwidth. RF cavity can

be regard as a parallel RLC circuit. A voltage of the parallel RLC circuit is expressed

as

V (t) =
1

[R−2 + (ωC − 1/(ωL))2]1/2]
exp j(ωt− ϕ). (B.10)

P is defined as

P =
V 2

R
. (B.11)

According to B.10 and B.11,

P =
1

2

RV 2

R2 + (ωL− 1/(ωC))2
. (B.12)

When the consumption energy P is equivalent to half of consumption energy at the

resonance point, the following equation holds;

RV 2

2(R2 + (ωL− 1/(ωC))2
=

V 2

4R
. (B.13)

FWHM (full width at half maximum) ∆ω is calculated by ω1 and ω2 satisfy B.13,

∆ω = ω2 − ω1 (B.14)

=
√
C/LRω0 =

ω0

Q
. (B.15)

Thus Q factor also expresses a FWHM of a RF cavity. As mentioned Section B, QL

of the cavity is equivalent to Qext when the cavity and a input port is coupled. The

reason is that main part of Qext is result from the output port, QL is able to obtained

by a FWHM of a S21.
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Calibration of Network Analyzer
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Figure B.1: A process of TOSM calibration and the measurement of S-parameter using

the network analyzer.

Network analyzer can be plagued by three types of errors:

1. Systematic errors,

2. Random errors,

3. Drift errors.

And there are 6 types of systematic error:

1. Directivity and crosstalk errors relating to signal leakage,

2. Source and load impedance mismatches relating to reflections,

3. Frequency response errors caused by reflection and transmission tracking within

the test receivers.
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For preventing these errors, network analyzer should be calibrated each time measuring

condition is changed. Random errors vary randomly as a function of time. Main

contributor is noises of instruments. It is not solved by calibration. Drift errors occur

mainly by variation of temperature and can be reduced by constant recalibration.

TOSM (Through-Open-Short-Match) calibration is a typical type of calibration to

determine the 6 systematic error terms for each signal direction. It measures the open,

short, and match one port standard on both ports and the through between them (see

Figure B.1).

1. Open: Transmission line terminated with open. A reflected voltage keeps in

phase with an incident voltage.

2. Short: Transmission line terminated with short. A reflected voltage is opposite

phase with an incident voltage.

3. Match: Transmission line terminated with reference impedance. All the incident

power is absorbed in the load.

4. Through: Transmission line connected port1 and port2 directly. Through is

calibrate an amplitude and phase variation of transmission characteristic.
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CST microwave studio

Unlike an ideal cylindrical cavity, simulation using finite element method is needed

to evaluate the cavity considering a structure of RF ports and tuning bars. CST mi-

crowave studio [8] is a one of such software for the 3D EM simulation of high frequency

components. There are several solvers are available. Among them, following two solvers

are mainly used.

C.1 Overview of solvers

C.1.1 Eigenmode Solver

The Eigenmode Solver is dedicated to the simulation of closed resonant structures. It

is for estimate the electromagnetic field of resonance modes and Q factor (see Chapter

B).

C.1.2 Frequency Domain Solver

The general purpose Frequency Domain Solver solves the problem for a single frequency

at a time, and for a number of adaptively chosen frequency samples in the course of

a frequency sweep. The solution comprises the field distribution as well as the S-

parameters (see Appendix B) at the given frequency so that it is appropriate solver
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for compared with the line shapes of S-parameter obtained from network analyzer (see

Appendix B).

C.2 Dependence of number of mesh

Figure C.1 shows resonance frequencies in a simulation with a different numbers of

mesh. Mesh views are shown in Figure C.2. According to both figrures, simulation

results with less than about 105 meshes are not consistent with measurement, since

small components such as RF antennas can not be considered.
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Figure C.1: Resonance frequencies in a simulation with a different numbers of mesh.
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number of mesh: 3264 number of mesh: 13608

number of mesh: 22968 number of mesh: 72520

number of mesh: 146640

Figure C.2: Mesh views with different numbers of mesh. The geometry is imported

from Autodesk Inventor Professional.
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