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V\QFKURWURQ� DFFHOHUDWRUV�� H�J��� LQ� *6,� �*HUPDQ\��� +HDY\� ,RQ�0HGLFDO� $FFHOHUDWRU� LQ
&KLED� �+,0$&�� LV�RQH�RI� WKH� DFFHOHUDWRUV�ZKLFK� DUH� FDSDEOH�RI�SURYLGLQJ� UHODWLYLVWLF
KHDY\�LRQV��$�SLFWXUH�RI�+,0$&�LV�VKRZQ�LQ�)LJ������,RQV�H[WUDFWHG�IURP�WKH�LRQ�VRXUFH
DUH� ILUVW� DFFHOHUDWHG� E\� D� OLQHDU� DFFHOHUDWRU� WR� VHYHUDO� 0H9�X�� $IWHU� WKDW�� WKH\� DUH
LQWURGXFHG�WR�D�V\QFKURWURQ�DFFHOHUDWRU��DQG�VHYHUDO�����0H9�X�LRQV�DUH�VXSSOLHG�WR�DQ
DUHD�IRU�H[SHULPHQWV��:H�FDQ�REWDLQ�&��1H��6L��$U��)H��.U�DQG�;H�LRQV�ZLWK�WKH�HQHUJLHV
IURP�����WR�����0H9�X��7KLV�WKHVLV�WUHDWV�LQYHVWLJDWLRQV�DW�+,0$&�RQ�WKH�5&(�RI����
0H9�X�K\GURJHQ�OLNH�$U�LRQV�IURP��V�WR�Q� ���VWDWHV�

7DEOH��&RPELQDWLRQV�RI� LRQV�DQG�FU\VWDOV� LQ� VHYHUDO�5&(�H[SHULPHQWV�DQG� LQGH[HV�RI
WKH�UHVRQDQFH��∆Q� ������PHDQV�H[FLWDWLRQV�WR�Q� ���DQG���IURP�WKH�JURXQG�VWDWH�

,RQ &KDQQHO�D[LV�RU�SODQH ,QGH[HV�IRU�UHVRQDQFH 5HI�
&����1����2����)�� $X�<���>��<���>��<���> N� �������������� >�@

1H�� $X�<���> N� �� >��@
&�� $X�<���> N� �� >��@
0J��� $X�<���> N� �� >��@

1����0J��� $X��������1L������ �N�O�� ������ >��@
6L��� 6L�<���> N� �������∆Q� ������ >��@
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� � � � &KDQQHOHG�LRQV��DOVR�UDQGRP�LQFLGHQW�LRQV��LQ�D�FU\VWDO�H[SHULHQFH�VHYHUDO�DWRPLF
SURFHVVHV�� L�H��� H[FLWDWLRQ�� HOHFWURQ� ORVV� �LRQL]DWLRQ�� DQG� HOHFWURQ� FDSWXUH�� GXH� WR
FROOLVLRQV� ZLWK� WDUJHW� DWRPV�� ,Q� WKH� FDVH� RI� K\GURJHQ�OLNH� LRQV�� D� FRKHUHQW� H[FLWDWLRQ
SURFHVV� IURP��V� WR�Q�  ��� VWDWHV� LV� DGGHG� WR� WKH� DERYH� LQFRKHUHQW� SURFHVVHV� XQGHU� WKH
5&(� FRQGLWLRQ�� %HFDXVH� D� SRSXODWLRQ� RI� Q�  � �� VWDWHV� LQFUHDVHV�� ERWK� SUREDELOLWLHV� RI
LRQL]DWLRQ� DQG� UDGLDWLYH� GHFD\� IURP� Q�  � �� VWDWHV� EHFRPH� ODUJHU� WKDQ� WKDW� IRU� RII�
UHVRQDQFH��7KHUHIRUH�� WKH�5&(�FDQ�EH�REVHUYHG� WKURXJK� WKUHH�NLQGV�RI�PHDVXUHPHQWV�
FKDUJH�VWDWH�RI� WUDQVPLWWHG� LRQV��FRQYR\� HOHFWURQV� DQG�GH�H[FLWDWLRQ�;�UD\V��+RZHYHU�
HOHFWURQ� FDSWXUH� SURFHVV�� ZKLFK� LV� LPSRUWDQW� LQ� ORZ� HQHUJ\� UHJLRQV�� WHQGV� WR� REVFXUH
LQIRUPDWLRQ�RQ�WKH�LQLWLDO�FKDUJH�VWDWH�GXH�WR�5&(��7KH�DGYDQWDJHV�RI�XVLQJ�UHODWLYLVWLF
KHDY\�LRQV�IRU�WKH�5&(�PHDVXUHPHQW�DUH�HQXPHUDWHG�DV�IROORZV�
�� &KDUJH�H[FKDQJH�SURFHVVHV�DUH�QRW�VR�IUHTXHQW��DQG�WKH�FKDUJH�VWDWH�RI� WUDQVPLWWHG
LRQV�NHHS�LQIRUPDWLRQ�RQ�WKH�5&(�RFFXUUHG�LQ�D�FU\VWDO�WKURXJKRXW�WKH�SDVVDJH�
�� $�WKLFN�FU\VWDO��VHYHUDO����µP��VXFK�DV�D�WRWDOO\�GHSOHWHG�VLOLFRQ�GHWHFWRU��66'��FDQ
EH�DGRSWHG�DV�D� WDUJHW��ZKLFK�DOORZV�WR�VWXG\�DQ� LPSDFW�SDUDPHWHU�GHSHQGHQW�5&(�E\
PHDVXUHPHQWV�RI�WKH�HQHUJ\�GHSRVLWLRQ�RI�WKH�FKDQQHOHG�LRQ�
��� 7KH� ILUVW� RUGHU� 5&(� FRQGLWLRQ��ZKLFK� KDV� WKH� ODUJHVW� WUDQVLWLRQ� DPSOLWXGH� LQ�PRVW
FDVHV��FDQ�EH�UHDOL]HG�
� � � � ,Q�WKH�SUHVHQW�FDVH��DQ�LRQ�SDWK�OHQJWK�SHU�5DEL�RVFLOODWLRQ�RI�FRKHUHQW�SURFHVVHV�LV
QHDUO\�HTXDO�WR�D�PHDQ�IUHH�SDWK�IRU�LRQL]DWLRQ�IURP�Q� ���VWDWHV��$Q�LRQ�SDWK�OHQJWK�SHU
FKDQQHOLQJ�RVFLOODWLRQ�LV�DOVR�FRPSDUDEOH�WR�WKH�DERYH�WZR�OHQJWKV��7KH�FU\VWDO�ILHOG�IRU
WKH�FKDQQHOHG� LRQ� LV�D� IXQFWLRQ�RI� WKH� LRQ�SRVLWLRQ�PHDVXUHG� IURP� WKH� FKDQQHO� FHQWHU�
$FFRUGLQJO\�� WKH� HQHUJ\� HLJHQYDOXHV� DQG�ZDYH� IXQFWLRQV� RI� WKH� ERXQG� HOHFWURQ� LQ� WKH
H[FLWHG�VWDWHV�YDU\�DW�HYHU\�PRPHQW��7KDW�LV�WR�VD\��WKH�HQHUJ\�HLJHQYDOXH�DQG�WKH�ZDYH
IXQFWLRQ�RI�WKH�ERXQG�HOHFWURQ�FKDQJH�ZLWKLQ�PHDQ�IUHH�SDWKV�IRU�LQFRKHUHQW�LRQL]DWLRQ
RU�FRKHUHQW�H[FLWDWLRQ��7KH�SXUSRVH�RI�WKLV�WKHVLV�LV�WR�REWDLQ�FOHDU�UHVRQDQFH�SURILOHV�IRU
WKH�FKDUJH�VWDWH��GH�H[FLWDWLRQ�;�UD\V�DQG�FRQYR\�HOHFWURQV�ZLWK�����0H9�X�$U����LRQV�
DQG�LV�WR�VWXG\�WKH�DWRPLF�SURFHVV�RI�FKDQQHOHG�LRQV�XQGHU�WKH�5&(�FRQGLWLRQ�WKURXJK
WKH�REWDLQHG�WKUHH�NLQGV�RI�SURILOHV�
� � � � ,Q�6HF������VHYHUDO�NH\�FRQFHSWV�RQ�WKH�LRQ�VROLG�LQWHUDFWLRQ�UHODWHG�WR�WKH�SUHVHQW
H[SHULPHQW�� VXFK� DV� VWRSSLQJ� SRZHU� DQG� HQHUJ\� VWUDJJOLQJ�� DUH� LQWURGXFHG�� 7KH
FKDQQHOLQJ�HIIHFW�DQG�UHODWHG�SKHQRPHQD�DUH�H[SODLQHG�LQ�6HF������,QWHUSUHWDWLRQV�RQ�WKH
5&(�� ZKLFK� LV� WKH� PDLQ� VXEMHFW� RI� WKH� SUHVHQW� LQYHVWLJDWLRQ�� DUH� JLYHQ� LQ� 6HF�����
5HVXOWV�RI� WKH�FKDQQHOLQJ�H[SHULPHQWV�ZLWK�����0H9�X�&���LRQV�DQG�����0H9�X�$U���

LRQV�DUH� UHSRUWHG� LQ�&KDS����(QHUJ\�GHSRVLWLRQV�RI� WKH� LRQV� IRU� UDQGRP� LQFLGHQFH�DQG
VHYHUDO�FKDQQHOLQJ�FRQGLWLRQV�ZHUH�PHDVXUHG��$�0RQWH�&DUOR�VLPXODWLRQ�IRU�WKH�HQHUJ\
GHSRVLWLRQ� ZDV� DOVR� SHUIRUPHG�� DQG� WKH� UHVXOWV� ZHUH� FRPSDUHG� ZLWK� WKH� PHDVXUHG
HQHUJ\� GHSRVLWLRQV�� 5HVXOWV� RI� WKH� 5&(� H[SHULPHQW� ZLWK� ���� 0H9�X� $U���� LRQV� DUH
UHSRUWHG� LQ� &KDS���� ,PSDFW� SDUDPHWHU� GHSHQGHQW� 5&(� SKHQRPHQD� ZHUH� REVHUYHG
DGRSWLQJ� DQ� 66'� DV� D� WDUJHW� FU\VWDO� WKURXJK� PHDVXUHPHQWV� RI� WKH� FKDUJH� VWDWH
GLVWULEXWLRQ� RI� WKH� WUDQVPLWWHG� LRQV�� 5HVRQDQFH� SURILOHV� IRU� FRQYR\� HOHFWURQV� DQG� GH�
H[FLWDWLRQ�;�UD\V�ZHUH�DOVR�REWDLQHG��7KH�GLIIHUHQFH�EHWZHHQ�WKH�UHVRQDQFH�SURILOHV�IRU
WKH�FKDUJH�VWDWH�DQG�GH�H[FLWDWLRQ�;�UD\V�UHIOHFWV�QDWXUHV�RI�Q� ���VWDWHV� LQ� WKH�FU\VWDO
ILHOG��)LQDOO\��D�0RQWH�&DUOR�VLPXODWLRQ�IRU� WKH�DWRPLF�SURFHVVHV�RI� WKH�FKDQQHOHG� LRQ
XQGHU� WKH� 5&(� FRQGLWLRQ� ZDV� FDUULHG� RXW�� DQG� WKH� UHVXOW� VXSSRUWV� GLVFXVVLRQV� DERXW
H[SHULPHQWDOO\�REWDLQHG�5&(�SURILOHV�
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ZKHUH�
�
� LQGLFDWHV� WKH� PHDQ� YDOXH� LQ� WKH� JURXQG� VWDWH�� :KHQ� WKH� LRQ� YHORFLW\� LV

KLJKHU�� WKH� VHFRQG� WHUP� LQ�(T�������� LV� OHVV� LPSRUWDQW�� DQG�(T�������� FRQYHUJHV� WR� WKH
UHODWLYLVWLF�%RUKU©V�IRUPXOD�
� � � � )RU� KLJK�=� LRQV� ZLWK� UHODWLYLVWLF� HQHUJ\�� WKH� H[DFW�0RWW� FURVV� VHFWLRQ� VKRXOG� EH
DGRSWHG��DQG�(T��������LV�PRGLILHG�WR
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6FKHLGHQEHUJHU�HW�DO��PHDVXUHG�WKH�HQHUJ\�VWUDJJOLQJ�IRU�2��;H��$X�DQG�8�LRQV�LQ� WKH
HQHUJ\�UDQJH�IURP�����WR������0H9�X�>��@��&DOFXODWLRQV�ZLWK�(T��������UHSURGXFHG�WKH
H[SHULPHQWDO�UHVXOWV�PXFK�EHWWHU�WKDQ�WKH�UHODWLYLVWLF�%RKU©V�IRUPXOD��VHH�)LJ������
� � � � 8QGHU� WKH�SUHVHQW�H[SHULPHQWDO�FRQGLWLRQV��ZKLFK�DUH�����0H9�X�&� LRQ�DQG����
0H9�X� $U� LRQ�� WKH� UHODWLYLVWLF� %RKU©V� IRUPXOD� JLYHV� D� JRRG� DJUHHPHQW� ZLWK� WKH
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H[SHULPHQWDO�UHVXOW��DQG�LV�DGRSWHG�LQ�WKLV�WKHVLV�

E��/DQGDX�GLVWULEXWLRQ
� � � � ,Q�WKH�FDVH�RI�WKH�WKLQ�WDUJHW��ZKLFK�VDWLVILHV�
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WKH�PD[LPXP�HQHUJ\�WUDQVIHU��7
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�� LV� ODUJHU� WKDQ�WKH�DYHUDJH�HQHUJ\�ORVV��DQG�D�VPDOO

QXPEHU�RI� FROOLVLRQV�ZLWK� ODUJH� HQHUJ\� WUDQVIHU�KDV� D� VLJQLILFDQW� HIIHFW� IRU� WKH� HQHUJ\
IOXFWXDWLRQ��FRQVHTXHQWO\��WKH�HQHUJ\�ORVV�GLVWULEXWLRQ�KDV�D�WDLO�WR�WKH�KLJKHU�HQHUJ\�VLGH�
7KH�HQHUJ\�ORVV�GLVWULEXWLRQ�IRU�κ�����ZDV�JLYHQ�E\
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DQG�γ
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)LJ����� 5DWLR� RI� PHDVXUHG� HQHUJ\� VWUDJJOLQJ� WR� WKH� WKHRUHWLFDO� SUHGLFWLRQV� RI� WKH
UHODWLYLVWLF�%RKU©V� IRUPXOD� IRU� VHYHUDO� SURMHFWLOH�WDUJHW� FRPELQDWLRQV�� 7KH� GDVKHG� DQG
GRWWHG� OLQHV� DUH� WKH� UHVXOWV� ZLWK� WKH� 0RWW� FURVV� VHFWLRQ� IRU� β�  � ����� DQG� �����
UHVSHFWLYHO\�>��@�
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� � � � ,RQV� WUDQVPLWWHG� WKURXJK� D� PDWHULDO� KDYH� ILQLWH� DQJXODU� VSUHDG� GXH� WR� PXOWLSOH
HODVWLF�FROOLVLRQV�ZLWK�WKH�WDUJHW�QXFOHL��ZKLFK�LV�FDOOHG�¦DQJXODU�VWUDJJOLQJ§��&ROOLVLRQV
ZLWK� WDUJHW�HOHFWURQV� VFDUFHO\�FRQWULEXWH� WR� WKH�DQJXODU� VWUDJJOLQJ�EHFDXVH� WKH�PDVV�RI
HOHFWURQ� LV� PXFK� VPDOOHU� WKDQ� WKDW� RI� WKH� LRQ�� 7KH� PHDQ� VTXDUH� DQJOH� IRU� VLQJOH
VFDWWHULQJ�LV�GHILQHG�E\
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ZKHUH�Q�LV�WKH�PHDQ�FROOLVLRQ�QXPEHU�GXULQJ�WKH�SDVVDJH�WKURXJK�WKH�WDUJHW�

������ 5DQJH
� � � � 7KH� LQFLGHQW� LRQ� ORVHV� LWV�NLQHWLF�HQHUJ\��DQG� ILQDOO\� VWRSV� LQ� WKH� WDUJHW�ZKHQ� WKH
WDUJHW� LV� WKLFN� HQRXJK�� 7KH� SDWK� OHQJWK� WR� VWRS� DORQJ� WKH� LQFLGHQW� GLUHFWLRQ� LV� FDOOHG
¦UDQJH§��ZKLFK�LV�JLYHQ�E\
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ZKHUH�(
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� LV� WKH� LQFLGHQW� HQHUJ\�� )LJ����D� VKRZV� WKH� WUDQVPLWWHG� IUDFWLRQ� RI� ����0H9

SURWRQV�WKURXJK�&X� WDUJHW��7KH�UDQJH� LV�H[SHULPHQWDOO\�GHILQHG�DV� WKH� WDUJHW� WKLFNQHVV
ZKHUH�WKH�WUDQVPLWWHG�IUDFWLRQ�LV����SHUFHQW�
� � � � ,Q� WKH� FDVH� RI� HOHFWURQV�� LW� LV� GLIILFXOW� WR� GHILQH� WKH� UDQJH�� EHFDXVH� WKH� HOHFWURQ
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WUDMHFWRU\� H[WUHPHO\� GHYLDWHV� IURP� D� VWUDLJKW� OLQH�� )LJ����E� VKRZV� WKH� WUDQVPLWWHG
IUDFWLRQ�RI�HOHFWURQV�ZLWK�VHYHUDO�HQHUJLHV�WKURXJK�$O�WDUJHW��7KH�WUDQVPLWWHG�IUDFWLRQ�LV
D� VORZO\� GHFUHDVLQJ� IXQFWLRQ� RI� WKLFNQHVV�� DQG� KDV� QR� FOHDU� FXW� OHQJWK��7KH� WKLFNQHVV
REWDLQHG� E\� H[WUDSRUDWLQJ� WKH� FXUYH� �GRWWHG� OLQH� LQ� )LJ����E�� LV� RIWHQ� XVHG�� ZKLFK� LV
FDOOHG� ¦H[WUDSRUDWHG� UDQJH§�� 6HYHUDO� HPSLULFDO� IRUPXOD� RI� WKH� H[WUDSRUDWHG� UDQJH� DUH
SURSRVHG� >�����@�� 7DQDEH� HW� DO�� SURSRVHG� DQ� DQDO\WLFDO� IRUPXOD� IRU� ���� NH9−���0H9
HOHFWURQV�DQG�IRU�WDUJHWV�ZLWK�=

�
� ���−�����ZKLFK�LV�JLYHQ�E\
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7KH\�DOVR�JDYH�WKH�LQYHUVH�UHODWLRQ�IRUPXOD�IRU�FRQYHQLHQFH��ZKLFK�LV












−



















+

+= �
�

H[S
�

H[�

�

�H[��
�

F
5F

F
F5F(

F
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������
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)LJ�����7UDQVPLWWHG� IUDFWLRQ� RI� �D�����0H9�SURWRQ� LQ�&X� WDUJHW�� DQG� �E�� HOHFWURQV
ZLWK�VHYHUDO�HQHUJLHV�LQ�$O�WDUJHW�DV�D�IXQFWLRQ�RI�WKH�WDUJHW� WKLFNQHVV��1XPEHUV�LQ
�E��LQGLFDWH�LQFLGHQW�HOHFWURQ�HQHUJ\�LQ�0H9�>�����@�
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������ (OHFWURQ�ORVV�DQG�FDSWXUH
� � � � ,RQV�SDVVLQJ� WKURXJK�D� WDUJHW�KDYH�D�SRVVLELOLW\�RI�FKDUJH�H[FKDQJH�� L�H��� HOHFWURQ
ORVV� DQG� HOHFWURQ� FDSWXUH�� GXH� WR� FROOLVLRQV� ZLWK� WKH� WDUJHW� DWRPV�� $W� KLJK� HQHUJLHV�
LRQL]DWLRQ�FURVV�VHFWLRQ��σL��LV�DSSUR[LPDWHG�DV
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ZKHUH� σH� DQG� σS� DUH� WKH� HOHFWURQ� DQG� SURWRQ� LPSDFW� LRQL]DWLRQ� FURVV� VHFWLRQV�
UHVSHFWLYHO\�� 7KH� ILUVW� WHUP� UHSUHVHQWV� WKH� HOHFWURQ� LPSDFW� LRQL]DWLRQ� �(,,�� DQG� WKH
VHFRQG� RQH� LV� WKH� QXFOHDU� LPSDFW� LRQL]DWLRQ� �1,,��� 7KH� YDOXHV� RI� σH� DQG� σS� ZHUH
FDOFXODWHG� XVLQJ� WKH� SODQH� ZDYH� %RUQ� DSSUR[LPDWLRQ� >��−��@�� 7KH\� ZHUH� DOVR
GHWHUPLQHG�E\�PHDVXUHPHQWV�RI�WKH�RQH�HOHFWURQ�ORVV�FURVV�VHFWLRQ�IRU�����0H9�X�8���

DQG�����DQG�����0H9�X�$X����LQ�+��DQG�+H��DQG�FDQ�EH�UHJDUGHG�DV�σH�≈σS�>��@�
� � � � 2Q�WKH�RWKHU�KDQG��WKH�WRWDO�HOHFWURQ�FDSWXUH�FURVV�VHFWLRQ��σF��LV�JLYHQ�E\
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ZKHUH�σ0(&�DQG�σ5(&�DUH�WKH�FURVV�VHFWLRQV�IRU�PHFKDQLFDO�HOHFWURQ�FDSWXUH��0(&��DQG
UDGLDWLYH�HOHFWURQ�FDSWXUH��5(&���UHVSHFWLYHO\��$�WDUJHW�HOHFWURQ�FDQ�EH�WUDQVIHUUHG�WR�WKH
SURMHFWLOH� LRQ�ZKHQ�WKH�PRPHQWXP�RI�WKH� WDUJHW�HOHFWURQ�PDWFKHV�WR� WKDW�RI� WKH�ERXQG
HOHFWURQ�RI�WKH�SURMHFWLOH��L�H��
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ZKHUH�SW DQG�SS�DUH�PRPHQWD�RI�WDUJHW�HOHFWURQ�DQG�ERXQG�HOHFWURQ��UHVSHFWLYHO\��DQG�YS
LV�WKH�SURMHFWLOH�YHORFLW\��7KH�FURVV�VHFWLRQ�RI�0(&�ZDV�FDOFXODWHG�E\�WKH�2SSHQKHLPHU�
%ULQNPDQ�.UDPHUV� �2%.�� DSSUR[LPDWLRQ� >�����@�� 7KH� 5(&� LV� WKH� HOHFWURQ� FDSWXUH
SURFHVV� ZKLFK� DFFRPSDQLHV� WKH� SKRWRQ� HPLVVLRQ� WR� FRPSHQVDWH� D� PRPHQWXP� JDS
EHWZHHQ�WKH�WDUJHW�DQG�WKH�SURMHFWLOH�HOHFWURQV�>��@��7KH�5(&�SURFHVV�LV�PRUH�LPSRUWDQW
WKDQ�WKH�0(&�SURFHVV�IRU�KLJK�HQHUJ\�LRQV�>��@�
� � � � &KDUJH�H[FKDQJH�SURFHVVHV�PRGLI\�WKH�VWRSSLQJ�SRZHU��.LP�DQG�&KHQJ�FRQVLGHUHG
WKH�HOHFWURQLF�VWUXFWXUH�RI�WKH�SURMHFWLOH�LRQV�DV�ZHOO�DV�WKH�WDUJHW�DWRP��DQG�H[WHQGHG�WKH
%HWKH©V� VWRSSLQJ� SRZHU� IRUPXOD� IRU� SDUWLDOO\� VWULSSHG� LRQV� >��@�� ,Q� WKH� IRUPXOD�� WKH
SURMHFWLOH� FKDUJH��=��� DQG� WKH�PHDQ� LRQL]DWLRQ� HQHUJ\�� ,�� DUH� UHSODFHG� DV� WKH� HIIHFWLYH
FKDUJH��=HII��DQG�WKH�HIIHFWLYH�PHDQ�LRQL]DWLRQ�HQHUJ\��,HII��UHVSHFWLYHO\��&DEUHUD�7UXMLOOR
HW�DO��JDYH�DQ�DQDO\WLFDO�VWRSSLQJ�SRZHU�IRUPXOD��ZKLFK�KDV�WZR�FRPSRQHQWV�UHODWHG�WR
WKH�HOHFWURQLF�VWUXFWXUHV�RI�WKH�SURMHFWLOH�DQG�WKH�WDUJHW�DWRP��ZLWK�D�FRQVLGHUDWLRQ�RI�WKH
YHORFLW\�GHSHQGHQW�QXPEHU�RI�ERXQG�HOHFWURQV�>��@�
� � � � 7KH� HQHUJ\� VWUDJJOLQJ� LV� DOVR�PRGLILHG� E\� WKH� FKDUJH� H[FKDQJH� HIIHFW�� 6LJPXQG
GHULYHG�DQ� DGGLWLRQDO� WHUP�RI� WKH�HQHUJ\� VWUDJJOLQJ� IRUPXOD� LQ� WKH�SUHVHQFH�RI� FKDUJH
H[FKDQJH�SURFHVVHV�>��@�

������ &RQYR\�HOHFWURQV
� � � � 9HORFLW\� �HQHUJ\�� VSHFWUD� RI� HOHFWURQV� SURGXFHG�E\� WKH� LRQ�VROLG� FROOLVLRQ� KDYH� D
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E\� UHSODFLQJ�(� ZLWK� SY����ZKHUH� S� DQG�Y� DUH� WKH�PRPHQWXP� DQG� WKH� YHORFLW\� RI� WKH
LQFLGHQW�LRQ��UHVSHFWLYHO\�
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������ 6WRSSLQJ�SRZHU�IRU�FKDQQHOHG�LRQ
� � � � $V�H[SODLQHG�LQ�6HF��������WKH�VWRSSLQJ�SRZHU�FDQ�EH�GLYLGHG�LQWR�WZR�FRPSRQHQWV�
L�H��� WKRVH�RULJLQDWHG� IURP�GLVWDQW�DQG�FORVH�FROOLVLRQV�ZLWK� WDUJHW�HOHFWURQV��8QGHU� WKH
FKDQQHOLQJ� FRQGLWLRQ�� WKH� SUREDELOLW\� RI� WKH� FORVH� FROOLVLRQ� LV� UHGXFHG� FRPSDUHG�ZLWK
WKDW�IRU� WKH�UDQGRP�LQFLGHQFH��EHFDXVH�WKH�FKDQQHOHG�LRQV�SDVV�WKURXJK�D�VSDFH�ZKHUH
WKH�ORFDO�HOHFWURQ�GHQVLW\�LV�PXFK�ORZHU�WKDQ�WKH�PHDQ�HOHFWURQ�GHQVLW\��$V�D�UHVXOW��WKH
VWRSSLQJ�SRZHU��L�H��HQHUJ\� ORVV��IRU� WKH�FKDQQHOHG�LRQV�EHFRPHV�FRQVLGHUDEO\�VPDOOHU
WKDQ�WKDW�IRU�WKH�UDQGRP�LQFLGHQFH�
� � � � /LQGKDUG�SURSRVHG�D�VLPSOH�IRUPXOD�IRU�WKH�VWRSSLQJ�SRZHU�IRU�WKH�FKDQQHOHG�LRQ�
ZKLFK�LV�JLYHQ�E\









+−=

1=

Q
66

�

H

FFU

��
�����

U
U αα �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������

ZKHUH� 6U� LV� WKH� VWRSSLQJ� SRZHU� IRU� UDQGRP� LQFLGHQW� LRQV�� QH�U�� LV� WKH� ORFDO� HOHFWURQ
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(T��������PHDQV�WKDW� WKH�GLVWDQW�FROOLVLRQ�SDUW� LV�D�KDOI�RI� WKH�WRWDO�VWRSSLQJ�SRZHU� IRU
UDQGRP�LQFLGHQFH��ZKLFK�LV�FDOOHG�¦HTXLSDUWLWLRQ�UXOH§�>��@��7KH�HTXLSDUWLWLRQ�UXOH�ZDV
FRQILUPHG�E\�H[SHULPHQWV�RQ�WKH�HQHUJ\�ORVV�RI�EHVW�FKDQQHOHG�SURWRQV�LQ�VLOLFRQ��ZKLOH
WKH� GHYLDWLRQ� IURP� (T�������� ZDV� UHSRUWHG� DV� IRU� WKH� HQHUJ\� ORVV� RI� EHVW� FKDQQHOHG
SURWRQV�LQ�JHUPDQLXP�>�����@��ZKLFK�DUH�OLVWHG�RQ�7DEOH���$SSOHWRQ�HW�DO��DVVXPHG�WKDW
RQO\� YDOHQFH� HOHFWURQV� FRQWULEXWH� WR� WKH� VWRSSLQJ� SRZHU� RI� WKH� ¦EHVW� FKDQQHOHG� LRQ§�
ZKLFK�SDVVHV�VWUDLJKW�LQ�WKH�FKDQQHO�FHQWHU��7KH�IRUPXOD�LV�H[SUHVVHG�DV
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ZKHUH�1=YDO�DQG�1=ORF�DUH�WKH�HIIHFWLYH�HOHFWURQ�GHQVLWLHV�IRU�SODVPRQ�DQG�VLQJOH�SDUWLFOH
H[FLWDWLRQV��UHVSHFWLYHO\��Y)�LV�WKH�)HUPL�YHORFLW\��DQG�ωS�LV�WKH�SODVPD�IUHTXHQF\��7KH\
DGRSWHG�WKH�IRUPXOD�WR�WKH�FDVH�IRU�D���0H9�SURWRQ�FKDQQHOHG�LQ�D�6L�������SODQH��7KH
YDOXH�RI�=ORF �����ZDV�REWDLQHG�IURP�WKH�H[SHULPHQW�DVVXPLQJ�=YDO� ���IRU�6L��>��@�
� � � � (VEHQVHQ�DQG�*RORYFKHQNR�DWWULEXWHG� WKH�GHYLDWLRQ� IURP�(T�������� WR� WKH� FU\VWDO
ODWWLFH�VWUXFWXUH�>��@��7KH�VWRSSLQJ�SRZHU�IRUPXOD�DV�D�IXQFWLRQ�RI�WKH�LPSDFW�SDUDPHWHU
E�LV�JLYHQ�E\
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ZKHUH� δ� LV� WKH� FRUUHFWLRQ� WHUP� IRU� WKH� GHQVLW\� HIIHFW�� 7KH� IRUPXOD� VKRZV� D� JRRG
DJUHHPHQW�IRU�WKH�FKDQQHOHG�SDUWLFOHV�DORQJ�WKH�����!�D[LDO�DQG�WKH�^���`��^���`�DQG
^���`�SODQDU�GLUHFWLRQV�LQ�6L�DQG�*H�FU\VWDOV��VHH�)LJ�������>��@�
� � � � (T��������FDQ�EH�DGRSWHG�RQO\� IRU�EHVW� FKDQQHOHG� LRQV��EHFDXVH� DQ�HIIHFW�RI� FRUH
HOHFWURQV� EHFRPHV� LPSRUWDQW� IRU� WKH� VWRSSLQJ� SRZHU� RI� FKDQQHOHG� LRQV� ZLWK� ODUJH
RVFLOODWLRQ� DPSOLWXGH�� (TV�������� DQG� ������� DUH� WKH� IRUPXODV� IRU� FKDQQHOHG� LRQV�ZLWK
IL[HG� LPSDFW�SDUDPHWHU�� L�H��� LW� LV� UHDOLVWLFDOO\� OLPLWHG� IRU� WKH�EHVW� FKDQQHOHG� LRQV��7KH
/LQGKDUG�IRUPXOD��(T��������� LV�DSSOLFDEOH� IRU�HYDOXDWLQJ� WKH�HQHUJ\� ORVV�RI�FKDQQHOHG
LRQV�ZLWK�YDULRXV�WUDMHFWRULHV�
� � � � $V�IRU�WKH�SODQDU�FKDQQHOLQJ��WKH�UHODWLRQ�EHWZHHQ�WKH�VWRSSLQJ�SRZHU�RI�FKDQQHOHG
LRQV� DQG� WKH� RVFLOODWLRQ� IUHTXHQF\� ZDV� LQYHVWLJDWHG� >��@�� $� WUDMHFWRU\� RI� WKH� SODQDU
FKDQQHOHG�LRQ�LV�GLIIHUHQW�IURP�WKH�VLQXVRLGDO�FXUYH�EHFDXVH�RI�WKH�DQKDUPRQLFLW\�RI�WKH
SRWHQWLDO��7KH�VORSH�RI� WKH�SODQDU�SRWHQWLDO� LV�VWHHSHU� WKDQ� WKH�SDUDEROLF�SRWHQWLDO�QHDU
WKH�FKDQQHO�ZDOO�DV�VKRZQ�LQ�)LJ�����E��$FFRUGLQJO\�� WKH�VWRSSLQJ�SRZHU�GHSHQGV�QRW
RQO\� RQ� WKH� RVFLOODWLRQ� DPSOLWXGH� EXW� DOVR� RQ� WKH� RVFLOODWLRQ� IUHTXHQF\�� DQG� ZDV
PHDVXUHG�WR�EH�SURSRUWLRQDO�WR�WKH�RVFLOODWLRQ�IUHTXHQF\�>�����@�

7DEOH�� 0HDVXUHG� HQHUJ\� ORVV�� ∆(^���`�� RI� ^���`� SODQDU� FKDQQHOHG
SURWRQ�ZLWK�VHYHUDO�HQHUJLHV��(,��DQG�SUHGLFWLRQV�E\�HTXLSDUWLWLRQ�UXOH�
∆(HTXLS��IRU�VLOLFRQ�DQG�JHUPDQLXP�WDUJHWV�>��@�

&U\VWDO (, �0H9� ∆(^���`��0H9� ∆(HTXLS�0H9�
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)LJ������&RPSDULVRQ�EHWZHHQ�WKHRU\��(T���������DQG�H[SHULPHQWDO�UHVXOWV�IRU
WKUHH� SODQDU� FKDQQHOLQJV� DQG� UDQGRP� LQFLGHQFH� >��@�� 6WRSSLQJ� SRZHU� LV
SORWWHG�DV�D�IXQFWLRQ�RI�S�0
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������ &KDUJH�VWDWH�RI�WUDQVPLWWHG�LRQV�XQGHU�FKDQQHOLQJ�FRQGLWLRQ
� � � � 8QGHU�WKH�FKDQQHOLQJ�FRQGLWLRQ��WKH�FKDUJH�H[FKDQJH�SURFHVVHV�DUH�DOVR�VXSSUHVVHG�
DQG� D� FRQGLWLRQ� RI� WKH� ¦IUR]HQ�FKDUJH� VWDWH§��ZKLFK�PHDQV� WKDW� WKH� LRQ�PDLQWDLQV� WKH
LQLWLDO�FKDUJH�VWDWH�WKURXJKRXW�WKH�SDVVDJH��FDQ�EH�HDVLO\�DFKLHYHG��'DW]�HW�DO��PHDVXUHG
WKH� VWRSSLQJ� SRZHU� RI� ^���`� SODQDU� FKDQQHOHG� LRQV� LQ� $X� FU\VWDO�� ZKLFK� KDYH� QRW
FKDQJHG� WKH� FKDUJH� VWDWH� WKURXJKRXW� WKH� SDVVDJH�� 7KH� K\GURJHQ�OLNH� DQG� KHOLXP�OLNH
LRQV�RI�=

�
� ���−���ZLWK�WKH�HQHUJLHV�RI���0H9�X�ZHUH�XVHG�LQ�WKHLU�H[SHULPHQW�>��@�

� � � � $�FKDUJH�VWDWH�GLVWULEXWLRQ�RI�FKDQQHOHG�LRQV�WUDQVPLWWHG�WKURXJK�D�FU\VWDO�LV�TXLWH
GLIIHUHQW� IURP� WKDW� IRU� UDQGRP� LQFLGHQFH��EHFDXVH�RI� WKH� LPSDFW�SDUDPHWHU� �WUDQVYHUVH
HQHUJ\�� GHSHQGHQFH� RI� WKH� FKDUJH� H[FKDQJH� SUREDELOLW\�� )LJ������ VKRZV� FKDUJH� VWDWH
GLVWULEXWLRQV�RI�����0H9�X�8����LRQV�DIWHU�WUDQVPLVVLRQ�WKURXJK�����µP�WKLFN�6L�FU\VWDO�
ZKLFK�ZHUH�PHDVXUHG�XQGHU�����!�D[LDO�FKDQQHOLQJ�DQG�UDQGRP�FRQGLWLRQV��>��@��)RU
UDQGRP�LQFLGHQFH��WKH�FKDUJH�VWDWH�GLVWULEXWLRQ�KDV�D�SHDN�DW�T

RXW
� �����KRZHYHU��WKH�SHDN

LV�VKLIWHG�WR�T
RXW
�∼����IRU�WKH�����!�D[LDO�FKDQQHOLQJ�FDVH��ZKHUH�T

RXW
�LV�WKH�H[LW�FKDUJH

VWDWH��$�SHDN�DW�T
RXW
� ����XQGHU�WKH�FKDQQHOLQJ�FRQGLWLRQ�FRUUHVSRQGV�WR�QRQ�FKDQQHOHG

RU� GH�FKDQQHOHG� LRQV�� 7KH� EURDG� GLVWULEXWLRQ� IRU� WKH� FKDQQHOLQJ� FDVH� LV� GXH� WR� WKH
WUDQVYHUVH�HQHUJ\��(⊥��GHSHQGHQFH�RI�TRXW�GLVWULEXWLRQ��L�H���TRXW�IRU�FKDQQHOHG�LRQV�ZLWK�D
ODUJH�RVFLOODWLRQ�DPSOLWXGH��ODUJH�(⊥��EHFRPHV�WR�∼����DOWKRXJK�WKDW�IRU�FKDQQHOHG�LRQV
QHDU�WKH�FKDQQHO�FHQWHU��VPDOO�(⊥��LV�∼����

)LJ������&KDUJH�VWDWH�GLVWULEXWLRQV�RI�����0H9�X�8����LRQV�WUDQVPLWWHG�WKURXJK����
µP�6L�FU\VWDO��&ORVHG�FLUFOHV�DQG�WULDQJOHV�DUH�H[SHULPHQWDO�UHVXOWV��DQG�6ROLG�OLQHV
DUH�UHVXOWV�RI�0RQWH�&DUOR�VLPXODWLRQ�>��@�
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���� 5HVRQDQW�FRKHUHQW�H[FLWDWLRQ
������ 5HVRQDQW�FRKHUHQW�H[FLWDWLRQ�RI�FKDQQHOHG�LRQ
� � � � &KDQQHOHG�LRQV�KDYH�D�FKDQFH�WR�EH�H[FLWHG�E\�WKH�RVFLOODWLQJ�HOHFWURPDJQHWLF�ILHOG
FDXVHG�E\�WKH�SHULRGLF�FU\VWDO�SRWHQWLDO��ZKHQ�RQH�RI�WKH�LQWHUQDO�HQHUJ\�GLIIHUHQFHV�RI
WKH� LRQ� FRLQFLGHV� ZLWK� WKH� SKRWRQ� HQHUJ\� RI� WKH� FRUUHVSRQGLQJ� ILHOG� IUHTXHQF\�� 7KLV
HIIHFW� ZDV� SUHGLFWHG� E\� 2NRURNRY� LQ� ����� >�@�� DQG� LV� FDOOHG� ¦2NRURNRY� HIIHFW§� RU
¦UHVRQDQW�FRKHUHQW�H[FLWDWLRQ��5&(�§��7KH�RULJLQDO�SUHGLFWLRQ�E\�2NRURNRY�LV�WKH�5&(
LQ�QXFOHDU�OHYHOV��EXW�WKH�FKDQQHOHG�LRQV�FDQ�EH�FRKHUHQWO\�H[FLWHG�DOVR�LQ�DWRPLF�OHYHOV�
)RU�WKH�DWRPLF�5&(��WKH�H[FLWHG�LRQV�KDYH�D�ODUJHU�LRQL]DWLRQ�SUREDELOLW\�FRPSDUHG�ZLWK
WKH�LRQV�LQ�WKH�JURXQG�VWDWH��7KH�ILUVW�REVHUYDWLRQ�RI�5&(�LQ�DWRPLF�OHYHOV�ZDV�DFKLHYHG
ZLWK�K\GURJHQ�OLNH�DQG�KHOLXP�OLNH�OLJKW�LRQV�RI�=� ���WR���WKURXJK�WKH�PHDVXUHPHQW�RI
WKH� FKDUJH� VWDWH� GLVWULEXWLRQ� RI� WKH� WUDQVPLWWHG� LRQV� >�@�� 7KH� REVHUYDWLRQ� RI� 5&(� E\
DQRWKHU�GHFD\�FKDQQHO�RI� WKH�H[FLWHG�VWDWH�� L�H���GH�H[FLWDWLRQ�ZLWK� WKH�;�UD\�HPLVVLRQ�
ZDV�DOVR�PDGH�XVLQJ�WKH�LRQV�ZLWK�VPDOOHU�RUELWDO�UDGLL�RI�H[FLWHG�HOHFWURQV�>�����@��7KH
5&(�SURFHVV�ZDV�DOVR�LQYHVWLJDWHG�WKHRUHWLFDOO\�>�����@��DQG�WKH�PDLQ�SXUSRVH�RI�UHFHQW
ZRUNV� LV� WR� HYDOXDWH� WKH� FRXSOHG� WUHDWPHQW� RI� FRKHUHQW� SURFHVV� ZLWK� LQFRKHUHQW
�LRQL]DWLRQ��H[FLWDWLRQ�DQG�GH�H[FLWDWLRQ��SURFHVVHV�>�����@�
� � � � :KHQ�WKH�LRQ�LV�FKDQQHOHG�DORQJ�DQ�D[LV�ZLWK�LWV�YHORFLW\�Y�� WKH�IUHTXHQF\�RI� WKH
SHULRGLF� SHUWXUEDWLRQ� RQ� WKH� LRQ� E\� WKH� FU\VWDO� SRWHQWLDO� LV� JLYHQ� E\� ν�  � γY�G�� ZKHUH

������ FY−=γ ��DQG�G�LV�WKH�GLVWDQFH�EHWZHHQ�DWRPV�DORQJ�WKH�D[LV��)LJ�������,I�WKH

LQWHUQDO� HQHUJ\� GLIIHUHQFH� RI� WKH� LRQ�� (
WUDQV

�� PDWFKHV� QKν�� WKH� 5&(� RFFXUV�� L�H��� WKH
FRQGLWLRQ�RI�5&(�IRU�D[LDO�FKDQQHOLQJ�LV�JLYHQ�E\
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)LJ������$UUDQJHPHQW�RI�DWRPLF�VWULQJV�RQ�6L ����� �SODQH��7KH�VROLG�DQG�GRWWHG�OLQHV

LQGLFDWH�������DQG�������VWULQJV��UHVSHFWLYHO\�
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8QGHU� SODQDU� FKDQQHOLQJ� FRQGLWLRQV� DOVR�� WKH� 5&(� RFFXUV� E\� IHHOLQJ� WKH� SHULRGLF
DUUDQJHPHQW�RI�DWRPLF�VWULQJV�O\LQJ�RQ�WKH�FKDQQHOLQJ�SODQH�DV�VKRZQ�LQ�)LJ�������7KH
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RULJLQDWHG�LQ�WKH�VSLQ�RUELW�LQWHUDFWLRQ��/HYHO������DQG�/HYHO������FRUUHVSRQG�WR�WKH�VWDWHV
ZLWK�-� �����DQG�-� ������UHVSHFWLYHO\��7KH��V�FRPSRQHQW�LV�GRPLQDQW�LQ�/HYHO���DQG���
DQG� RFFXSLHV� WKH� /HYHO� �� UDWKHU� WKDQ� /HYHO� �� LQ� WKH� YLFLQLW\� RI� WKH� FKDQQHO� FHQWHU�
EHFDXVH�RI�WKH�VOLJKWO\�ODUJHU�WUDQVLWLRQ�HQHUJ\�WR�WKH��V�VWDWH�GXH�WR�WKH�/DPE�VKLIW��7KH
LPSRUWDQFH�RI�WKH�FU\VWDO�ILHOG�LQFUHDVHV�DV�WKH�LRQ�DSSURDFKHV�WKH�FKDQQHO�ZDOO��DQG�WKH
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[
�LQ�/HYHO���DQG����,W�LV�QRWHG�WKDW�WKH�ODUJHU�ZLQJ

RI� WKH�HOHFWURQ�FORXG�H[WHQGV� WRZDUG� WKH�FKDQQHO�ZDOO� LQ�/HYHO����KRZHYHU�� LW� H[WHQGV
WRZDUG�WKH�FKDQQHO�FHQWHU�LQ�/HYHO���
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)LJ������&DOFXODWHG�WUDQVLWLRQ�HQHUJ\�IURP��V�WR�Q� ���VWDWHV�RI�K\GURJHQ�OLNH�$U�LRQ�LQ
YDFXXP� DV� D� IXQFWLRQ� RI� WKH� GLVWDQFH� IURP� FKDQQHO� FHQWHU�� 'RWWHG� OLQHV� LQGLFDWH
WUDQVLWLRQ�HQHUJLHV�WR�Q� ���VWDWHV��-� �����DQG�-� ������
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WKH�FKDQQHO�FHQWHU�DQG�ZDOO��DQG�DW�WKH�FKDQQHO�FHQWHU�DUH�����×����� DQG�����×������VHF−��
UHVSHFWLYHO\�� ,Q� RWKHU� ZRUGV�� WKH� LRQ� SDWK� OHQJWKV� SHU� 5DEL� RVFLOODWLRQ�� λ
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�� &KDQQHOLQJ�H[SHULPHQW

���� 3DUDOOHO�EHDP�IRU�UHODWLYLVWLF�FKDQQHOLQJ
� � � � $W� WKH� EHJLQQLQJ�� FKDQQHOLQJ� H[SHULPHQWV�� ZKLFK� DUH� QHFHVVDU\� IRU� WKH� 5&(
REVHUYDWLRQ��ZHUH�SHUIRUPHG�XVLQJ�����0H9�X�&��� DQG�����0H9�X�$U���� LRQV�ZLWK�6L
FU\VWDO�� 7KH� FKDQQHOLQJ� SKHQRPHQD� ZHUH� H[WHQVLYHO\� LQYHVWLJDWHG� ZLWK� ORZHU� HQHUJ\
LRQV� VR� IDU� >���@�� $� FKDQQHOLQJ� H[SHULPHQW� ZLWK� UHODWLYLVWLF� KHDY\� LRQV�� KRZHYHU�� LV
OLPLWHG�� EHFDXVH� RQO\� D� IHZ� DFFHOHUDWRUV� DUH� DYDLODEOH� >�����@��7KH� FULWLFDO� DQJOHV� IRU
����0H9�X�&���DQG�����0H9�X�$U�LRQV�FKDQQHOHG�DORQJ�6L� ����� �SODQH�DUH�HYDOXDWHG

WR�EH������DQG������PUDG��UHVSHFWLYHO\��IURP�(T���������,Q�JHQHUDO��WZR�VOLWV�DUH�DGRSWHG
WR�PDNH�D�SDUDOOHO�EHDP��+RZHYHU��WKH�VOLW�EHFRPHV�RQH�RI�WKH�RULJLQV�IRU�SURGXFLQJ�WKH
IUDJPHQWV�RI� WKH�SURMHFWLOH� LQ� VXFK�D�KLJK� HQHUJ\� UHJLRQ�� ,Q� WKH�SUHVHQW� H[SHULPHQW�� D
VLQJOH�LURQ�FROOLPDWRU�ZLWK�WKH�WKLFNQHVV�RI���FP�DQG�WKH�LQQHU�GLDPHWHU�RI���PP�ZDV
DGRSWHG�DW�����FP�XSVWUHDP�RI�WKH�WDUJHW�FU\VWDO��VHH�)LJ�������7KH�WKLFNQHVV�RI�WKH�LURQ�
FROOLPDWRU�LV�ODUJHU�WKDQ�WKH�UDQJHV�RI�WKH�LQFLGHQW�&�DQG�$U�LRQV��7KH�EHDP�RSWLFV�ZDV
WXQHG� WR� EH�SDUDOOHO�� L�H��� QRW� IRFXVHG�� EHIRUH� WKH� EHDP�SDVVHG� WKURXJK� WKH� FROOLPDWRU�
)LJ����� VKRZV� D� GLUHFW� EHDP� VSRW� SURILOH� RI� ����0H9�X� &��� EHDP� GHWHFWHG� E\� D� �'
SRVLWLRQ� VHQVLWLYH� GHWHFWRU� �36'�� ORFDWHG� DW� ���� P� �WKH� GLVWDQFH� LQ� &� EHDP� FDVH� LV
GLIIHUHQW�IURP�WKDW�LQ�)LJ������GRZQVWUHDP�IURP�WKH�FROOLPDWRU��7KH�VSRW�VL]H��):+0�
ZDV�����PPφ��)URP�WKH�VSRW�VL]H�DQG�WKH�GLVWDQFH�EHWZHHQ�WKH�FROOLPDWRU�DQG�WKH�36'�
WKH�EHDP�GLYHUJHQFH��+:+0��ZDV�JHRPHWULFDOO\�GHWHUPLQHG�WR�EH�������������������
∼�����PUDG��,Q�WKH�FDVH�RI�����0H9�X�$U����LRQV������PPφ�VSRW�VL]H�ZDV�REWDLQHG��DQG
WKH� EHDP� GLYHUJHQFH� EHFRPHV� �������������������� ∼����� PUDG�� 7KHVH� EHDP
GLYHUJHQFHV� DUH� RI� WKH� VDPH� RUGHU� DV� WKH� FULWLFDO� DQJOHV� RI� FKDQQHOLQJ�� DQG� DUH� VPDOO
HQRXJK�WR�REVHUYH�FKDQQHOLQJ�SKHQRPHQD�
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� � � � $�VFKHPDWLF�GUDZLQJ�RI�WKH�VHWXS�IRU�WKH�FKDQQHOLQJ�H[SHULPHQW�LV�JLYHQ�LQ�)LJ�����
7KH�FROOLPDWHG�$U�����&����EHDP�ZDV�LQMHFWHG�LQWR�D�6L�FU\VWDO��,Q�WKH�SUHVHQW�H[SHULPHQW�
D�WRWDOO\�GHSOHWHG�VLOLFRQ�GHWHFWRU��66'��ZDV�DGRSWHG�DV�WKH�WDUJHW�WR�PHDVXUH�WKH�HQHUJ\
GHSRVLWLRQ�LQ�FRLQFLGHQFH�ZLWK�WKH�FKDUJH�VWDWH�GLVWULEXWLRQ��7KH�66'�ZDV�PRXQWHG�RQ�D
WKUHH�D[LV�JRQLRPHWHU�ZLWK�D�SUHFLVLRQ�RI������°��$�VFKHPDWLF�DQG�D�SHUIRUPDQFH�OLVW�RI
WKH� JRQLRPHWHU� DUH� GHVFULEHG� LQ� )LJ������ 3KRWRJUDSKV� RI� WKH� LURQ�FROOLPDWRU� DQG� WKH
JRQLRPHWHU� DUH� VKRZQ� LQ�)LJ����� DQG� )LJ������ UHVSHFWLYHO\��7KH� WUDQVPLWWHG� LRQV�ZHUH
FKDUJH�VHSDUDWHG�E\�D�PDJQHW��DQG�ZHUH�GHWHFWHG�E\�WKH��'�36'�DW�WKH�HQG�RI�WKH�EHDP
OLQH��7KH� GLDPHWHU� DQG� WKH� JDS� RI� WKH� SROH� SLHFH� RI� WKH�PDJQHW�ZHUH� ��� DQG� ���� FP�
UHVSHFWLYHO\��$�GLVWDQFH�EHWZHHQ�WKH�PDJQHW�DQG�WKH�36'�ZDV�����FP��$Q�DFWLYH�DUHD�RI
WKH�36'�ZDV����×����PP���DQG�WKH�WKLFNQHVV�ZDV�����µP��7KH�VHSDUDWLRQ�EHWZHHQ�$U���

DQG�$U���� DW� WKH�36'�ZDV� DERXW� ��PP��ZKHQ� WKH\�ZHUH�EHQW� E\�∼������ UDG� IURP� WKH
LQFLGHQW� GLUHFWLRQ�� 7KH� UROH� RI� WKH� YHUWLFDO� VOLW� EHIRUH� WKH�PDJQHW� ZDV� WR� VKDUSHQ� WKH
EHDP� VSRW� LQ� WKH� KRUL]RQWDO� GLUHFWLRQ� DW� WKH� 36'�� EHFDXVH� WKH� WDLO� RI� WKH� DQJXODU
GLVWULEXWLRQ�RI�WKH�WUDQVPLWWHG�EHDP�ZRXOG�KDYH�DIIHFWHG�WKH�QHLJKERULQJ�GLVWULEXWLRQ�

� D��6LOLFRQ�GHWHFWRU
� � � � 7KH�SULQFLSOH�RI�WKH�VLOLFRQ�GHWHFWRU��66'��LV�VKRZQ�LQ�)LJ������$�VHPLFRQGXFWRU�
OLNH� VLOLFRQ�� KDV� D� EDQG� JDS� EHWZHHQ� WKH� FRQGXFWLRQ� DQG� WKH� YDOHQFH� EDQGV��:KHQ� D
SDUWLFOH� LV� LQMHFWHG� LQWR� WKH�VHPLFRQGXFWRU�DQG� ORRVHV� WKH�HQHUJ\� LQ� LW��HOHFWURQV� LQ� WKH
YDOHQFH�EDQG�DUH�H[FLWHG�WR�WKH�FRQGXFWLRQ�EDQG�DFURVV�WKH�EDQG�JDS��HQHUJ\�JDS���(J��
DQG�KROHV�DUH�OHIW�LQ�WKH�YDOHQFH�EDQG��7KH�QXPEHU�RI�HOHFWURQ�KROH�SDLUV�FUHDWHG�E\�WKH
SDUWLFOH�LQFLGHQFH�LV�JLYHQ�E\
Q� �∆(�ε�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����
ZKHUH�∆(� LV� WKH�HQHUJ\�GHSRVLWLRQ�RI� WKH�SDUWLFOH� WR� WKH�GHWHFWRU��DQG�ε� LV� WKH�DYHUDJH
HQHUJ\�ZKLFK� LV� QHFHVVDU\� WR� FUHDWH� DQ� HOHFWURQ�KROH� SDLU��7KHVH� H[FLWHG� HOHFWURQV� DUH
FROOHFWHG�E\�D�ELDVHG�HOHFWURGH��DQG�ZH�FDQ�NQRZ�WKH�HQHUJ\�GHSRVLWLRQ�RI�WKH�SDUWLFOH
IURP� WKH� FROOHFWHG�FKDUJH��66'V�ZLWK� VHYHUDO� WKLFNQHVVHV�ZHUH� DGRSWHG� LQ� WKH�SUHVHQW
VWXG\��:H�DGRSWHG�66'V�ZLWK������������������������DQG�����µP�WKLFN�ZKLFK�KDYH�WKH
HQHUJ\� UHVROXWLRQV�RI����������������DQG����NH9�IRU�����0H9�α�SDUWLFOH�� UHVSHFWLYHO\�
7KHVH�GHWHFWRUV�DUH�FRYHUHG�E\������µJ�FP��$X�RQ�WKH�HQWUDQFH�VXUIDFH�DQG����µJ�FP�

$O�RQ�WKH�H[LW�VXUIDFH��7KH�HQHUJ\� ORVV� LQ� WKH�$X� UHJLRQ�ZDV�∼����SHUFHQW�RI� WKH� WRWDO
HQHUJ\�ORVV�HYHQ�LQ�WKH�FDVH�RI�WKH������µP�66'��DQG�FDQ�EH�QHJOHFWHG�

E��3RVLWLRQ�VHQVLWLYH�GHWHFWRU��36'�
� � � � 7KH� 36'� XVHG� LQ� WKH� SUHVHQW� H[SHULPHQW� LV� D� VLOLFRQ� GHWHFWRU� ZKLFK� KDV� IRXU
HTXDOO\�ELDVHG�HOHFWURGHV�RQ�WKH�IRXU�FRUQHUV��:KHQ�HOHFWULF�FKDUJHV��4���4���4��DQG�4�

DUH�FROOHFWHG�WR�WKH�HOHFWURGHV�(���(���(��DQG�(��VKRZQ�LQ�)LJ������WKH�LQMHFWHG�SRVLWLRQ�RI
WKH�SDUWLFOH�LV�REWDLQHG�E\
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,W�LV�QRWHG�WKDW�ZKHQ�VHYHUDO�SDUWLFOHV�DUH�LQMHFWHG�DW�WKH�VDPH�WLPH��WKH�36'�UHFRJQL]HV
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WKH�SRVLWLRQ�RI�WKHLU�FHQWHU�RI�PDVV�DV�WKH�LQMHFWHG�SRVLWLRQ��:KHQ�WKH�SDUWLFOH�LV�LQMHFWHG
DURXQG�WKH�FHQWHU�RI�WKH�36'��DQ�HOHFWULF�QRLVH�FRPSRQHQW�LV�PXFK�VPDOOHU�WKDQ�WKH�UHDO
VLJQDOV��2Q�WKH�RWKHU�KDQG��ZKHQ�WKH�SDUWLFOH�LV�LQMHFWHG�QHDU�RQH�RI�WKH�HOHFWURGHV��H�J�
(

�
���UHDO�VLJQDOV�RI�WKH�RWKHU�HOHFWURGHV��4

�
�¤�4

�
�EHFRPH�VPDOO�HQRXJK�WR�EH�FRPSDUDEOH

WR� WKH�QRLVH�FRPSRQHQW��7KHUHIRUH�� WKH�SRVLWLRQ� UHVROXWLRQ�RI� WKH�36'�GHSHQGV�RQ� WKH
LQMHFWHG�SRVLWLRQ��DQG�LV�ZRUVH�QHDU�WKH�HGJH�WKDQ�DURXQG�WKH�FHQWHU��7KH�UHVROXWLRQV�RI
WKH�36'�DUH�DERXW�����PP�×�����PP�DQG�����PP�×�����PP�DURXQG�WKH�FHQWHU�DQG�QHDU
WKH�HGJH��UHVSHFWLYHO\�

� � [

� � � � � � � � � � \� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � θθ

5DQJH 3UHFLVLRQ

[ ±��PP ���PP

\ ±��PP ���PP

θ ±��� ﾟ ����� ﾟ
φ ±� ﾟ ����� ﾟ
ω ±��� ﾟ ����� ﾟ

)LJ�����6FKHPDWLF�DQG�SHUIRUPDQFH�RI�WKUHH�D[LV�JRQLRPHWHU�

ωω
φφ
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)LJ�����3KRWRJUDSK�RI�LURQ�FROOLPDWRU�

)LJ�����3KRWRJUDSK�RI�JRQLRPHWHU�
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� � FRQGXFWLRQ�EDQG

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � SDUWLFOH

� � � IRUELGGHQ�EDQG� � � � � � (J

� � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � YDOHQFH�EDQG

)LJ�����3ULQFLSOH�RI�VHPLFRQGXFWRU�GHWHFWRU�

� � � � � � � � � � � � � � � � � � � � (��4��

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (��4��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3DUWLFOH

� � � � � � � � � � � � � � � � � <

� � � � � � � � � � � � � � � � � � � � � (��4��

� � � � � � � � � � � � � � � � � � � � � � � � � ;� � � � � � � � � � � � � (��4��

)LJ�����3ULQFLSOH�RI�SRVLWLRQ�VHQVLWLYH�GHWHFWRU�WR�GHWHUPLQH�WKH�LQMHFWHG�SRVLWLRQ�RI
WKH�SDUWLFOH�



��

� F��(OHFWURQLF�FLUFXLW
� � � � )RU�WKH�SXUSRVH�RI�PHDVXULQJ�WKH�HQHUJ\�GHSRVLWLRQ�RI�LRQV�LQ�FRLQFLGHQFH�ZLWK�WKH
FKDUJH� VWDWH� GLVWULEXWLRQ� RI� WUDQVPLWWHG� LRQV�� D� IROORZLQJ� HOHFWURQLF� FLUFXLW� IRU� WKH
PHDVXUHPHQW�ZDV�PDGH�� DQG�VLJQDOV� IURP� WKH�66'�DQG� WKH�36'�ZHUH� WDNHQ� HYHQW�E\
HYHQW��$�GLDJUDP�RI� WKH�HOHFWURQLF�FLUFXLW� LV�GHVFULEHG� LQ�)LJ������7KH�HOHFWULF� FKDUJHV
FROOHFWHG� IURP� WKH� 66'� DQG� WKH� 36'�ZHUH� FRQYHUWHG� LQWR� YROWDJHV� E\� SUH�DPSOLILHUV�
DQG�WKHLU�RXWSXW�SXOVHV�ZHUH�DPSOLILHG�E\�VSHFWURVFRS\�DPSOLILHUV��7KH�66'�VLJQDO�ZDV
SXW� LQWR�D� WLPLQJ�6&$��VLQJOH�FKDQQHO� DQDO\]HU���7KH� WLPLQJ�6&$�JLYHV�D� ORJLF�SXOVH
ZKHQ� WKH� LQSXW� VLJQDO� LV� KLJKHU� WKDQ� D� FHUWDLQ� OHYHO�� DQG� WKH� QRLVH� FRPSRQHQW� FDQ� EH
GLVFULPLQDWHG�IURP�WKH�UHDO�VLJQDO��7KH�RXWSXW�VLJQDO�RI�WKH�WLPLQJ�6&$�ZDV�FRQQHFWHG
WR� ¦WLPLQJ� LQ§� RI� D� SHDN�KROGHU��7KH� DQDORJ� VLJQDOV� IURP� WKH�66'� DQG� WKH�36'�ZHUH
GHOD\HG�E\������µV�ZLWK�GHOD\�DPSOLILHUV�EHFDXVH�WKH�RXWSXW�VLJQDO�RI�WKH�WLPLQJ�6&$
ZDV�GHOD\HG�∼��µV� IURP�WKH�LQSXW� WLPH��7KHVH�DQDORJ�VLJQDOV�ZHUH�SXW� LQWR� UHVSHFWLYH
FKDQQHOV�RI� WKH�SHDN�KROGHU��7KH�SHDN�KROGHU� LV� DFWLYH�ZKHQ� WKH� WLPLQJ�SXOVH�JHWV� LQ�
DQG� NHHSV� SXOVH� KHLJKWV� RI� WKH� VLJQDOV� SXW� LQWR� WKH� UHVSHFWLYH� FKDQQHOV� RI� WKH� SHDN�
KROGHU�� 2XWSXW� VLJQDOV� RI� WKH� SHDN�KROGHU� ZHUH� FRQQHFWHG� WR� WKH� DQDORJ�GLJLWDO
FRQYHUVLRQ��$'&��ERDUG��DQG�WKH�GLJLWL]HG�VLJQDOV�ZHUH�WDNHQ�LQWR�D�SHUVRQDO�FRPSXWHU�
7KH�SXOVH�KHLJKWV�RI� WKH�DQDORJ�VLJQDOV�KDYH�WR�EH�NHSW�E\�WKH�SHDN�KROGHU�VR�WKDW� WKH
DQDORJ�GLJLWDO� WUDQVIRUPDWLRQ� LV�SHUIRUPHG�FRUUHFWO\��7KH�GDWD�ZHUH� UHFRUGHG� LQ�D�¦OLVW
PRGH§�
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� � � � � � � � � 66'� � � � � � � � � � � � � � � � � � � � � � � � � 36'

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (
�
� � � � � � � � � � � � � � � � (

�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � (
�
� � � � � � � � � � � � � � (

�

� � � � � � � 3UH�� � � � � � � � � � � 3UH�� � � � � � � � � 3UH�� � � � � � � � � 3UH�� � � � � � � � 3UH�

� � � � � � $PSOLILHU� � � � � � � $PSOLILHU� � � � $PSOLILHU� � � � $PSOLILHU� � � $PSOLILHU

� � � � � � 6SHFWURVFRS\� � 6SHFWURVFRS\� 6SHFWURVFRS\� 6SHFWURVFRS\� 6SHFWURVFRS\

� � � � � � � $PSOLILHU� � � � � � $PSOLILHU� � � � $PSOLILHU� � � � � $PSOLILHU� � � � � $PSOLILHU

� � � � � � � 'HOD\�$PS� � � � 'HOD\�$PS� � � 'HOD\�$PS� � � 'HOD\�$PS� � � 'HOD\�$PS

� � � � � � � � 7LPLQJ�6&$

� � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 7� � � � �� � � �� � � �� � � �� � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3HDN�KROGHU

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $'&�ERDUG

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3HUVRQDO�&RPSXWHU
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

)LJ����� (OHFWULF� FLUFXLW� V\VWHP� IRU� WKH� FRLQFLGHQFH� PHDVXUHPHQW� RI� WKH� HQHUJ\
GHSRVLWLRQ�WR�WKH�66'�DQG�WKH�FKDUJH�VWDWH�GLVWULEXWLRQ�RI�WUDQVPLWWHG�LRQV�E\�WKH�36'�
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���� 5DQGRP�LQFLGHQFH

������ (QHUJ\�GHSRVLWLRQ�IRU�UDQGRP�LQFLGHQFH

� � � � %HIRUH� WKH� FKDQQHOLQJ� H[SHULPHQW�� WKH� HQHUJ\� ORVV� DQG� WKH� HQHUJ\� GHSRVLWLRQ� RI
UDQGRP�LQFLGHQW�LRQV�VKRXOG�EH�FRQVLGHUHG��7KH�HQHUJ\�GHSRVLWLRQ�WR�D�6L�WDUJHW��66'�
ZDV� PHDVXUHG� LQ� WKH� FDVH� RI� UDQGRP� LQFLGHQFH�� )RU� ORZ� HQHUJ\� LRQ�� WKH� HQHUJ\
GHSRVLWLRQ� FDQ� EH� UHJDUGHG� DV� HTXDO� WR� WKH� HQHUJ\� ORVV�� ,Q� WKH� FDVH� RI� WKH� UHODWLYLVWLF
HQHUJ\�� KRZHYHU�� WKH� HQHUJ\� GHSRVLWLRQ� GHYLDWHV� IURP� WKH� HQHUJ\� ORVV�� EHFDXVH� VRPH
HQHUJHWLF�HOHFWURQV�SURGXFHG�E\�¦ELQDU\�FROOLVLRQ§�ZLWK�WKH�LRQ�HVFDSH�IURP�WKH�GHWHFWRU�
$�W\SLFDO�HQHUJ\�GHSRVLWLRQ�VSHFWUXP�IRU�����0H9�X�$U����LRQ�LQ�WKH������µP�WKLFN�6L
WDUJHW� LV� VKRZQ� LQ�)LJ������7KH� DYHUDJH� HQHUJ\� GHSRVLWLRQ� DPRXQWV� WR� �����0H9��7KH
PHDQ�IUHH�SDWK�IRU�WKH�HOHFWURQ�ORVV�LQ�WKLV�FDVH�ZDV�HVWLPDWHG�WR�EH�����µP�>��@��ZKLFK
LV�PXFK�VPDOOHU�WKDQ�WKH�WDUJHW�WKLFNQHVV��$VVXPLQJ�WKDW�$U����LRQV�DUH�LRQL]HG�ZLWKLQ���
SHUFHQW� RI� WKH� WDUJHW� WKLFNQHVV� IURP� WKH� HQWUDQFH� VXUIDFH�� DQG� WKH� VWRSSLQJ� SRZHU� LV
SURSRUWLRQDO� WR� WKH�VTXDUH�RI� WKH�FKDUJH�� WKH�GLIIHUHQFH�RI�HQHUJ\�ORVVHV�EHWZHHQ�$U���

DQG� $U���� LQFLGHQFHV� LQ� WKLV� WDUJHW� LV� HVWLPDWHG� WR� OHVV� WKDQ� �� SHUFHQW�� 7KH� HQHUJ\
GHSRVLWLRQ� RI� $U���� LRQ� LV� FRQVLGHUHG� WR� EH� DOPRVW� HTXDO� WR� WKDW� RI� $U���� LRQ�� 7KH
WKHRUHWLFDO�YDOXH�RI�HQHUJ\� ORVV�FDOFXODWHG�ZLWK�(T�������� IRU�=

�
� ���� LV������0H9��7R

HYDOXDWH� WKH� HQHUJ\� ORVV� IURP� WKH� HQHUJ\�GHSRVLWLRQ�� WKH� IUDFWLRQ�RI� HVFDSHG� HOHFWURQV
DQG�WKHLU�HQHUJLHV�DUH�QHFHVVDU\��7KHUHIRUH��LW�LV�QHFHVVDU\�WR�HVWLPDWH�WKH�HIIHFW�RI�WKH
HVFDSHG� HOHFWURQV� LQ� RUGHU� WR� FRPSDUH� WKH� PHDVXUHG� HQHUJ\� GHSRVLWLRQ� ZLWK� WKH
WKHRUHWLFDO�HQHUJ\�ORVV�
� � � � �

&DOFXODWHG�HQHUJ\�ORVV

�

���

���

���

���

���

� � � � �
(QHUJ\�GHSRVLWLRQ��0H9�
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)LJ�����6SHFWUXP�RI�H[SHULPHQWDO�HQHUJ\�GHSRVLWLRQ�IRU�����0H9�X�$U����LQFLGHQFH
LQ�WKH�6L�WDUJHW�ZLWK�WKH�WKLFNQHVV�RI������µP��7KH�DUURZ�LQGLFDWHV�WKH�YDOXH�RI�WKH
FDOFXODWHG�HQHUJ\�ORVV�



��

)LJ������VKRZV�PHDVXUHG�HQHUJ\�GHSRVLWLRQV�DQG�WKHRUHWLFDO�HQHUJ\�ORVVHV�IRU�6L�WDUJHWV
ZLWK� VHYHUDO� WKLFNQHVVHV�� 7KH� GLIIHUHQFH� WHQGV� WR� EH� ODUJHU� DV� WKH� WDUJHW� WKLFNQHVV
LQFUHDVHV�� DQG� PXVW� VDWXUDWH� IRU� WKH� WKLFNQHVV� ODUJHU� WKDQ� WKH� UDQJH� RI� WKH� VFDWWHUHG
HOHFWURQ�ZLWK�WKH�PD[LPXP�HQHUJ\��∼��0H9��LQ�6L��ZKLFK�LV�∼����PP�

������ 0RQWH�&DUOR�VLPXODWLRQ

� � � � 7KH�GLIIHUHQFH�EHWZHHQ�WKH�HQHUJ\�ORVV�DQG�HQHUJ\�GHSRVLWLRQ�ZDV�HYDOXDWHG�E\�D
0RQWH�&DUOR�VLPXODWLRQ�>�����@��$V�GLVFXVVHG�LQ�6HF�������� WKH�VWRSSLQJ�SRZHU�FDQ�EH
GLYLGHG�LQWR� WZR�SDUWV��ZKLFK�DUH�RULJLQDWHG� LQ� WKH�GLVWDQW�DQG� WKH�FORVH�FROOLVLRQV��$V
IRU� WKH� GLVWDQW� FROOLVLRQ�� �.���D

7)
��� WKH� HQHUJ\� ORVV�ZDV� FDOFXODWHG� E\�(T��$������ 7KH

H[SHULPHQWDO�YDOXH�RI�WKH�PHDQ�LRQL]DWLRQ�HQHUJ\�OLVWHG�LQ�UHI�>��@�ZDV�DGRSWHG�DV�WKH�,�
YDOXH�LQ�WKH�FDOFXODWLRQ��7KH�GLVWDQW�FROOLVLRQ�GRHV�QRW�FRQWULEXWH�WR�WKH�HOHFWURQ�HVFDSH
EHFDXVH� RI� WKH� VPDOO� HQHUJ\� WUDQVIHU�� 7KHUHIRUH�� WKH� HQHUJ\� ORVV� GXH� WR� WKH� FORVH
FROOLVLRQ�ZDV�FDOFXODWHG�E\� WKH�0RQWH�&DUOR�PHWKRG��$�GLVWULEXWLRQ�RI� WKH�SUREDELOLW\
IRU� WUDQVIHUULQJ� WKH� HQHUJ\�� 7�� WR� D� WDUJHW� HOHFWURQ� ZDV� GHWHUPLQHG� E\� WKH� 0RWW
GLIIHUHQWLDO� FURVV� VHFWLRQ� LQ� (T��������� DQG� WKH� VFDWWHULQJ� DQJOH�� θ�� ZDV� UHODWHG� WR� WKH
HQHUJ\� WUDQVIHU�E\�(T��������7KH�VFDWWHULQJ� DQJOH� LQ� WKH� FHQWHU� RI�PDVV� IUDPH��θ��ZDV
WUDQVIRUPHG�WR�WKDW�LQ�WKH�ODERUDWRU\�IUDPH��θ′��WKURXJK�WKH�UHODWLRQ
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(QHUJ\�ORVV��WK��

(QHUJ\�GHSRVLWLRQ��H[S��

)LJ������&RPSDULVRQ� EHWZHHQ� WKHRUHWLFDO� HQHUJ\� ORVV� DQG� H[SHULPHQWDO� HQHUJ\
GHSRVLWLRQ�DV�D�IXQFWLRQ�RI�WKH�WDUJHW�WKLFNQHVV�
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=′ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

7KH�GHFUHDVH�RI�WKH�LRQ�YHORFLW\�ZDV�QRW�WDNHQ�LQWR�DFFRXQW��EHFDXVH�WKH�HQHUJ\�ORVV�LV
OHVV�WKDQ�����SHUFHQW�RI�WKH�LQFLGHQW�HQHUJ\�HYHQ�LQ�WKH�FDVH�RI�����0H9�$U���� LRQV�LQ
����µP�6L�WDUJHW��:KHQ�WKH�H[WUDSRUDWHG�UDQJH�RI�WKH�VFDWWHUHG�HOHFWURQ��5

H[
�7���LV�ODUJHU

WKDQ�WKH�GLVWDQFH�EHWZHHQ�WKH�FROOLVLRQ�SRLQW�DQG�WKH�WDUJHW�VXUIDFH��O��VKRZQ�LQ�)LJ������
WKH�HOHFWURQ�HVFDSHV�IURP�WKH�WDUJHW�ZLWK�HQHUJ\��(

RXW
��ZKLFK�VDWLVILHV

5
H[
�(

RXW
�� �5

H[
�7��−�O�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

7KH�WRWDO�HQHUJ\�RI�WKH�HVFDSHG�HOHFWURQ��(
HV
��ZDV�REWDLQHG�E\�VXPPLQJ�WKH�HQHUJ\��(

RXW
�

IRU�HDFK�FROOLVLRQ��7KH�HQHUJ\�GHSRVLWLRQ�RI�WKH�LRQ�ZDV�REWDLQHG�E\
∆('

� �∆(/
�¤�(

HV
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

ZKHUH�∆(/
�LV�WKH�HQHUJ\�ORVV�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � HOHFWURQ

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �ZLWK�HQHUJ\�(
RXW
�

� � � � � � � � � � � � � � � � � � � � � � � � � � O

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � θθ′′� � � � � � � � � � � � � � � � � � � � LRQ

� � � � � � � � � � � � � � � � � � 6L

)LJ������(QHUJHWLF�HOHFWURQ�HVFDSHG�IURP�WKH�WDUJHW�
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������ 5HVXOWV�DQG�GLVFXVVLRQ

� � � � 6LPXODWHG� VSHFWUD� RI� WKH� HQHUJ\� ORVV� �WKLQ� OLQH�� DQG� WKH� HQHUJ\� GHSRVLWLRQ� �WKLFN
OLQH��IRU�����0H9�X�$U����LRQV�LQ�6L�WDUJHWV�ZLWK�WKLFNQHVVHV�RI�����������DQG�����µP�DUH
VKRZQ�LQ�)LJ�������7KH�DEVFLVVD�LV�WKH�HQHUJ\��ORVV�DQG�GHSRVLWLRQ��GLYLGHG�E\�WKH�WDUJHW
WKLFNQHVV�� 7KHUH� DUH� VRPH� LQWHUHVWLQJ� IHDWXUHV� LQ� WKHVH� UHVXOWV�� ,Q� WKH� FDVH� RI� ���� µP
WDUJHW��ERWK�WKH�HQHUJ\� ORVV�DQG�WKH�HQHUJ\�GHSRVLWLRQ�VSHFWUD�KDYH�D� WDLO� LQ� WKH�KLJKHU
HQHUJ\�VLGH��ZKLFK�KDYH�D�IHDWXUH�RI�WKH�/DQGDX�GLVWULEXWLRQ��7KH�HQHUJ\�ORVV�UHPDLQV�D
KLJK�HQHUJ\�WDLO�IRU������µP�WDUJHW��EXW�WKH�HQHUJ\�GHSRVLWLRQ�JHWV�PRUH�OLNH�V\PPHWULF
*DXVVLDQ� VKDSH�� ,Q� WKH� FDVH� RI� ���� µP�� ERWK� GLVWULEXWLRQV� ORRN� V\PPHWULF�� 7KHVH
VHTXHQWLDO� FKDQJHV� RI� WKH� HQHUJ\� ORVV� GLVWULEXWLRQ� PRUH� RU� OHVV� FRUUHVSRQG� WR� WKH
YDULDWLRQ�RI�WKH�SDUDPHWHU��κ��GHILQHG�LQ�(T���������ZKLFK�LV�������������DQG�����IRU�����
����� DQG� ���� µP� WDUJHW�� UHVSHFWLYHO\�� $V� IRU� WKH� HQHUJ\� GHSRVLWLRQ� GLVWULEXWLRQ�� WKH

���� ���� ���� ���� ����

(QHUJ\�WKLFNQHVV��0H9�PLFURQ�
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� � � � ����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��µP

� � � � ����

� � � � ����

� � � � � � � �

� � � ����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����µP

� � � � ����

� � � � ����

� � � � � � � �

� � � ����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����µP

� � � � ����

� � � � ����

� � � � � � � �

)LJ������6LPXODWHG�VSHFWUD�RI�HQHUJ\�ORVV��WKLQ�OLQH��DQG�HQHUJ\�GHSRVLWLRQ��WKLFN�OLQH�
RI�����0H9�X�$U����LQFLGHQFH�LQ�6L�WDUJHW�ZLWK�WKH�WKLFNQHVVHV�RI���������DQG�����µP�
7KH�GRWWHG�OLQH�UHSUHVHQWV�WKH�H[SHULPHQWDO�HQHUJ\�GHSRVLWLRQ�
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PD[LPXP�HQHUJ\�WUDQVIHU��7
PD[
��LQ�(T��������KDV�WR�EH�UHSODFHG�ZLWK�DQ�HIIHFWLYH�HQHUJ\

WUDQVIHU��7

PD[
��EHFDXVH�WKH�HOHFWURQV�ZLWK�WKH�HQHUJ\�FORVH�WR�7

PD[
�HVFDSH�IURP�WKH�WDUJHW�

7KH�HIIHFWLYH�PD[LPXP�HQHUJ\�WUDQVIHU��7

PD[
��LV�HVWLPDWHG�IURP�WKH�H[WUDSRODWHG�UDQJH

RI� HOHFWURQ�� 5
H[
�7

PD[
��� ZKLFK� VKRXOG� EH� HTXDO� WR� WKH� WDUJHW� WKLFNQHVV�� 5HSODFHG

SDUDPHWHUV�� κ�  � ξ�� 7

PD[
�� IRU� ����� ����� DQG� ���� µP� FDVHV� DUH� ����� ����� DQG� ����

UHVSHFWLYHO\��7KHUHIRUH��WKH�HQHUJ\�GHSRVLWLRQ�VSHFWUXP�IRU������µP�FDVH�LV�VHHQ�WR�EH
PRUH� OLNH� WKH�*DXVVLDQ�VKDSH��ZKLFK� LV�GLIIHUHQW� IURP�WKH�HQHUJ\� ORVV�VSHFWUXP�DW� WKH
VDPH�WKLFNQHVV��7KH�GRWWHG�OLQH�UHSUHVHQWV�WKH�H[SHULPHQWDO�HQHUJ\�GHSRVLWLRQ��7KH�SHDN
SRVLWLRQ� RI� WKH� VLPXODWHG� VSHFWUXP� LV� VOLJKWO\� GLIIHUHQW� IURP� WKH� H[SHULPHQWDO� RQH�
KRZHYHU��WKH�VKDSH�DQG�ZLGWK�UHSURGXFH�WKH�H[SHULPHQWDO�UHVXOW�YHU\�ZHOO�

������ ∆(�FRXQWHU�IRU�UHODWLYLVWLF�SDUWLFOH�ZLWK�KLJK�SUHFLVLRQ
� � � � )LJ������VKRZV�WKH�WDUJHW�WKLFNQHVV�GHSHQGHQFH�RI�VLPXODWHG�σ

/
�∆(/

�DQG�σ
'
�∆('

�
ZKHUH�σ

/
� DQG�σ

'
�DUH� VWDQGDUG�GHYLDWLRQV�RI� WKH�HQHUJ\�GHSRVLWLRQ�DQG� WKH�HQHUJ\� ORVV

GLVWULEXWLRQV��UHVSHFWLYHO\��%RWK�σ
/
�∆(/

� DQG�σ
'
�∆('

�EHFRPH�VPDOOHU�ZLWK� WKH� LQFUHDVH
RI�WKH�WDUJHW�WKLFNQHVV��,Q�WKH�WKLQQHU� UHJLRQ�WKDQ����µP��σ/

�∆(/
� LQFUHDVHV�GUDVWLFDOO\�

2Q�WKH�RWKHU�KDQG��σ
'
�∆('

�GRHV�QRW�VKRZ�D�GUDVWLF�LQFUHDVH�LQ�WKH�WKLQQHU�UHJLRQ��,I�WKH
66'� LV� DGRSWHG� DV� D�∆(�FRXQWHU�� H�J��� IRU� WKH� SDUWLFOH� LGHQWLILFDWLRQ� IURP� WKH� HQHUJ\
GHSRVLWLRQ��WKH�UHODWLYH�UHVROXWLRQ�LV�GHWHUPLQHG�E\�σ

'
�∆('

��)LJ������LQGLFDWHV�WKDW
�� 7KH� UHODWLYH� HQHUJ\� UHVROXWLRQ� LV� EHWWHU� IRU� ODUJHU�66'� WKLFNQHVV��ZKHQ� WKH� HQHUJ\
ORVV�RI�WKH�LQFLGHQW�SDUWLFOH�FDQ�EH�QHJOHFWHG�
�� (YHQ� LQ� WKH� FDVH� RI� WKLQ� 66'�� KRZHYHU�� WKH� UHVROXWLRQ� LV� FRPSDUDWLYHO\� KLJK� IRU
SDUWLFOHV�ZLWK�UHODWLYLVWLF�HQHUJLHV�
7KH� 66'� WKLFNQHVV� ZKLFK� JLYHV� D� FRPSDUDWLYHO\� KLJK� UHVROXWLRQ�� L�H��� ZKRVH� HQHUJ\
GHSRVLWLRQ� GLVWULEXWLRQ� EHFRPHV� WKH� *DXVVLDQ� VKDSH�� LV� HVWLPDWHG� IURP� WKH� YDOXH� RI
SDUDPHWHU�κ��)LJ������VKRZV�WKH�WKLFNQHVV�GHSHQGHQFH�RI�SDUDPHWHUV�κ�DQG�κ�IRU����
0H9�X�$U�LRQV�LQ�D�6L�WUDJHW��,W�VXJJHVWV�WKDW�WKH�66'�ZLWK�VHYHUDO����µP�WKLFKQHVV��κ

>>���FDQ�EH�XVHG�DV�D�KLJK�UHVROXWLRQ�∆(�FRXQWHU��DOWKRXJK�WKH�HQHUJ\�ORVV�GLVWULEXWLRQ
KDV�D�KLJKHU�HQHUJ\�WDLO��L�H��κ�<<��
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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � σ
/
�∆(

/

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � σ
'
�∆(

'

)LJ������5DWLR�RI�WKH�VWDQGDUG�GHYLDWLRQ��σ
/
��WR�WKH�HQHUJ\�ORVV��∆(

/
��DQG�WKDW�RI�WKH

VWDQGDUG�GHYLDWLRQ��σ
'
��WR�WKH�HQHUJ\�GHSRVLWLRQ��∆(

'
��DV�D�IXQFWLRQ�RI�WKH�WDUJHW��6L�

WKLFNQHVV�IRU�����0H9�X�$U����LRQV�
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� � � � � � � � � � � � � � � � � � κ
� � � � � � � � � � � � � � � � � � κ∗

)LJ������3DUDPHWHUV��κ�DQG�κ∗��DV�IXQFWLRQV�RI�WKH�WDUJHW�WKLFNQHVV�
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���� &KDQQHOLQJ�FDVH
������ 'HWHUPLQDWLRQ�RI�FU\VWDO�RULHQWDWLRQ

� � � � 7KH�FU\VWDO�RULHQWDWLRQ�ZDV�GHWHUPLQHG�ZLWK�D�SUHFLVLRQ�RI��°�E\�;�UD\�GLIIUDFWLRQ
LQ�DGYDQFH��DQG�WKH�TXDOLW\�RI�WKH�FU\VWDO�ZDV�HYDOXDWHG�WKURXJK�WKH�;�UD\�WRSRJUDSK\�
7KH� FU\VWDO� �66'�� PRXQWHG� RQ� WKH� JRQLRPHWHU� ZDV� URWDWHG� RQ� WZR� RUWKRJRQDO� D[HV�
ZKLOH� WKH�HQHUJ\�GHSRVLWLRQ�DQG� WKH�FKDUJH�VWDWH�GLVWULEXWLRQ�ZHUH�PRQLWHG��8QGHU� WKH
FKDQQHOLQJ�FRQGLWLRQ��WKH�HQHUJ\�GHSRVLWLRQ�VKLIWHG�WR�ORZHU�VLGH��DQG�WKH�VXUYLYHG�$U���

LRQV�LQFUHDVHG��$Q�H[DPSOH�RI�WKH�IUDFWLRQ�RI�$U����LRQV�DV�D�IXQFWLRQ�RI�WKH�WLOW�DQJOH�LV
VKRZQ� LQ� )LJ������� 6HYHUDO� SHDNV� DUH� VHHQ� ZKLFK� FRUUHVSRQG� WR� SODQDU� FKDQQHOLQJ
FRQGLWLRQV��6FDQQHG�SDWKV�LQ�WKH�H[SHULPHQW�DUH�LQGLFDWHG�E\�GRWWHG�OLQHV�ZLWK�WKH�DUURZ
LQ� )LJ������� &LUFOHV� DUH� SRVLWLRQV� RI� SODQDU� FKDQQHOLQJ� FRQGLWLRQV� IRXQG� LQ� WKH� VFDQV�
7KH� WKLFN� OLQH� UHSUHVHQWV� WKH� VFDQ� VKRZQ� LQ� )LJ������� 7KLV� VKRZV� KRZ� VHYHUDO� SODQDU
GLUHFWLRQV�ZHUH�IRXQG�DQG�WKH�>���@�D[LDO�GLUHFWLRQ�ZDV�GHWHUPLQHG�
� � �

)LJ������)UDFWLRQ�RI�VXUYLYHG�$U����LRQV�DV�D�IXQFWLRQ�RI�WKH�WLOW�DQJOH�θ�
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� � � � � � � � � � � � � � � � � � � � � � � � � � φ��GHJ��

� � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � ��� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � �� � � θ��GHJ��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � >���@

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

� � � � � � � � � � � � � � � � � � � � � � � � � � ��

� � � � � � ����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

� � � � � � � � � � � ����� � � � � ����� � � � � � ������ � � � � � � ����� � � �����

)LJ������'LUHFWLRQ�RI� WKH� >���@� D[LV� DQG� VHYHUDO� SODQHV�RI�6L� FU\VWDO��7KH�GRWWHG� OLQHV
ZLWK� WKH� DUURZ� UHSUHVHQW� VFDQQHG�SDWKV��7KH� WKLFN� OLQH� LV� WKH� VFDQ� VKRZQ� LQ�)LJ������
7KH�FLUFOHV�DUH�SRVLWLRQV�XQGHU�SODQDU�FKDQQHOLQJ�FRQGLWLRQV�
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������ $QJXODU�GLVWULEXWLRQ�RI�FKDQQHOHG�LRQV

� � � � 7KH� EHDP� VSRW� SURILOHV� RI� ����0H9�X� &��� LRQV� WUDQVPLWWHG� WKURXJK� ���� µP� 6L
FU\VWDO�IRU�UDQGRP�DQG�WKH�>���@�D[LDO�FKDQQHOLQJ�FDVHV�DUH�VKRZQ�LQ�)LJ�������)URP�WKH
VSRW�VL]H�PHDVXUHG�E\�WKH�36'�DQG�WKH�JHRPHWULFDO�FRQILJXUDWLRQ��WKH�DQJXODU�VSUHDGLQJ
GXH� WR�SDVVDJH� WKURXJK� WKH� WDUJHW�ZDV�HVWLPDWHG� WR�EH�����PUDG��+:+0��IRU� UDQGRP
LQFLGHQFH��$VVXPLQJ�WKDW�WKH�PLQLPXP�LPSDFW�SDUDPHWHU��E

PLQ
��LV�DERXW�WKH�QXFOHDU�VL]H�

DQG� WKH�PD[LPXP� LPSDFW�SDUDPHWHU��E
PD[
�∼�D

7)
�� WKH�DQJXODU� VWUDJJOLQJ� HYDOXDWHG� IURP

(T�������� LV�∼����PDG�� 7KH�PHDVXUHG� YDOXH� DJUHHV�ZLWK� WKH� WKHRUHWLFDO� YDOXH��2Q� WKH
FRQWUDU\�� WKH� >���@� D[LDO� FKDQQHOLQJ� FRQGLWLRQ� GRHV� QRW� VKRZ� DQ\� VLJQLILFDQW� DQJXODU
EURDGHQLQJ��EHFDXVH�WKH�SUREDELOLW\�RI�ODUJH�DQJOH�VFDWWHULQJ�LV�TXLWH�VPDOO�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���PP

� � � � � � � � � � � � � � � � � � � � � � � � ���PP

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���PP

� � � � � � � � � � � � � � � � � � � � � � � � � � ���PP

)LJ�������'�VSRW�VL]H�RI�����0H9�X�&���LRQV�DW�36'�IRU��D��UDQGRP�LQFLGHQFH�DQG��E�
XQGHU�WKH�>���@�D[LDO�FKDQQHOLQJ�FRQGLWLRQ�

�D��5DQGRP

�E��>���@�D[LDO�FKDQQHOLQJ
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������ (QHUJ\�GHSRVLWLRQ�XQGHU�FKDQQHOLQJ�FRQGLWLRQ

� � � � 7KH� HQHUJ\� GHSRVLWLRQV� RI� ���� 0H9�X� &��� LRQV� DQG� ���� 0H9�X� $U���� LRQV
FKDQQHOHG�LQ�D�6L�FU\VWDO�ZHUH�PHDVXUHG�LQ�FRLQFLGHQFH�ZLWK�WKH�H[LW�FKDUJH�VWDWH��7KH
HQHUJ\�GHSRVLWLRQ�VSHFWUD�RI�����0H9�X�&���LRQV�LQ�����µP�WDUJHW�IRU�UDQGRP�LQFLGHQFH
DQG� >���@� D[LDO� DQG� VHYHUDO� SODQDU� FKDQQHOLQJV� DUH� VKRZQ� LQ� )LJ������� ,Q� WKLV� HQHUJ\
UHJLRQ�� DOO� WKH� H[LW� FKDUJH� VWDWH� LV� ���� EHFDXVH� WKH� HOHFWURQ� FDSWXUH� FURVV� VHFWLRQ� LV
QHJOLJLEO\�VPDOO��7KH�DEVFLVVD�LV�QRUPDOL]HG�WR�WKH�PHDQ�HQHUJ\�GHSRVLWLRQ�IRU�D�UDQGRP
LQFLGHQFH��8QGHU�WKH�>���@�D[LDO�FKDQQHOLQJ�FRQGLWLRQ��WKH�SHDN�RI�WKH�HQHUJ\�GHSRVLWLRQ
ZDV�UHGXFHG�WR�����0H9�IURP�WKDW�IRU�UDQGRP�LQFLGHQFH��ZKLFK�ZDV������0H9��$�VPDOO
SHDN�LQ� WKH�KLJKHU�HQHUJ\� UHJLRQ�FRUUHVSRQGV� WR� WKH�QRQ�FKDQQHOHG�FRPSRQHQW��8QGHU
WKH� ������� ����� � DQG� ����� � SODQDU� FKDQQHOLQJ� FRQGLWLRQV�� WKH� HQHUJ\� GHSRVLWLRQ

VSHFWUXP�DOVR�KDV�WZR�FRPSRQHQWV�FRUUHVSRQGLQJ�WR�FKDQQHOHG�DQG�QRQ�FKDQQHOHG��7KH
LQWHU�SODQDU�GLVWDQFHV��GS��RI�WKH�������� ����� �DQG� ����� �SODQHV�DUH������������DQG�����

c��UHVSHFWLYHO\��7KH�SHDN�SRVLWLRQV�IRU�WKH�FKDQQHOHG�FRPSRQHQW�ZHUH����������DQG����
0H9� IRU� ������� ����� � DQG� ����� � SODQDU� FKDQQHOLQJ� FDVHV�� UHVSHFWLYHO\�� DQG� WKH� SHDN

VKDSH�GHSHQGHG�RQ�WKH�FKDQQHO�SODQH�
� � � � ,Q�WKH�FDVH�RI�����0H9�X�$U����LRQV�LQ������µP�WDUJHW��DOPRVW�DOO�LRQV�ZHUH�LRQL]HG
IRU� UDQGRP� LQFLGHQFH�� EHFDXVH� WKH� WDUJHW� WKLFNQHVV� LV�PXFK� ODUJHU� WKDQ� WKH� LRQL]DWLRQ
PHDQ�IUHH�SDWK�RI�����µP��8QGHU�WKH� ����� �SODQDU�FKDQQHOLQJ�FRQGLWLRQ��WKH�IUDFWLRQ�RI

LRQL]HG�$U���� LRQV�ZDV� DERXW� ��� SHUFHQW�� DQG� DERXW� ��� SHUFHQW� RI� LQFLGHQW�$U���� LRQV
PDLQWDLQHG� WKH� LQLWLDO� FKDUJH� VWDWHV� WKURXJKRXW� WKH� SDVVDJH�� 7KH� HQHUJ\� GHSRVLWLRQ
VSHFWUD�IRU�ILQDO�FKDUJH�VWDWHV�RI�����DQG�����DUH�VKRZQ�LQ�)LJ�������7KH�VSHFWUXP�IRU
$U���� LRQV� �)LJ�����D�� DOVR� FRQVLVWV� RI� WZR� FRPSRQHQWV�� 7KH� GRWWHG� OLQH� VKRZV� WKH
HQHUJ\�GHSRVLWLRQ�VSHFWUXP�IRU�UDQGRP�LQFLGHQW�FDVH��ZKLFK�KDV�D�SHDN�DW������0H9��,W
LV�UHPDUNDEOH�WKDW�WKH�SHDN�SRVLWLRQ�RI�QRQ�FKDQQHOHG�FRPSRQHQW�XQGHU�WKH�FKDQQHOLQJ
FRQGLWLRQ�LV���SHUFHQW�KLJKHU� WKDQ�WKDW�IRU�UDQGRP�LQFLGHQFH��7KLV�FDQ�EH�DWWULEXWHG�WR
¦TXDVL�FKDQQHOHG�LRQV§��ZKLFK�VSHQG�TXLWH�D�ORQJ�WLPH�QHDU�WKH�FKDQQHO�ZDOO��ZKHUH�WKH
DYHUDJHG� HOHFWURQ� GHQVLW\� DORQJ� WKH� WUDMHFWRU\� EHFRPHV� ODUJHU� WKDQ� WKH�PHDQ� HOHFWURQ
GHQVLW\�RI�WKH�WDUJHW��7KHUHIRUH��WKH�HQHUJ\�ORVV��DOVR�HQHUJ\�GHSRVLWLRQ��EHFRPHV�ODUJHU
WKDQ� WKDW� IRU� UDQGRP� LQFLGHQFH�� 7KH� IUDFWLRQ� RI� QRQ�FKDQQHOHG� FRPSRQHQW� LV
FRQVLGHUDEO\� VPDOOHU� WKDQ� WKH� FDVH� RI� &��� LRQV�� 7KLV� FDQ� EH� DWWULEXWHG� WR� WKH� WKLQQHU
FU\VWDO�� ZKLFK� JLYHV� WKH� FKDQQHOHG� LRQV� OHVV� FKDQFHV� IRU� GH�FKDQQHOLQJ�� $� VPDOO
GLIIHUHQFH�RI�WKH�EHDP�DQJXODU�GLYHUJHQFH�EHWZHHQ�&��∼�����PUDG��DQG�$U��∼�����PUDG�
FDQ�EH� DQRWKHU� UHDVRQ� IRU� FKDQJLQJ� WKH� IUDFWLRQ�RI� QRQ�FKDQQHOHG� FRPSRQHQW��2Q� WKH
RWKHU�KDQG��WKH�VSHFWUXP�IRU�$U����LRQV��)LJ�����E��KDV�RQO\�WKH�FKDQQHOHG�FRPSRQHQW��,W
PHDQV�WKDW�RQO\�WKH� LRQV�ZKLFK�KDYH�SDVVHG�WKURXJK�QHDU� WKH�FKDQQHO�FHQWHU�FDQ�NHHS
WKHLU�LQFLGHQW�FKDUJH�VWDWH��L�H���FKDUJH�IUR]HQ���7KH�SHDN�SRVLWLRQ�LV�∼���SHUFHQW�VPDOOHU
FRPSDUHG�ZLWK�WKDW�RI�FKDQQHOHG�FRPSRQHQW�IRU�$U����FDVH��EHFDXVH�WKH�VWRSSLQJ�SRZHU
LV� SURSRUWLRQDO� WR� WKH� VTXDUH� RI� WKH� HIIHFWLYH� FKDUJH� RI� WKH� SURMHFWLOH�� =HII�� DQG� WKH
WUDMHFWRU\� RI� $U���� FDQ� FRQFHQWUDWH� PRUH� DURXQG� WKH� FKDQQHO� FHQWHU�� ,Q� WKH� FDVH� RI
UDQGRP�LQFLGHQFH�ZLWK�����µP�6L� WUDJHW��=HII� IRU�FKDUJH�IUR]HQ�$U

���� LV�������>��@��)RU
WKH�EHVW�FKDQQHOHG�LRQV��=HII�LV�H[SHFWHG�WR�EH�FORVHU�WR�����EHFDXVH�WKH�GLVWDQW�FROOLVLRQ
LV�PRUH�GRPLQDQW�FRPSDUHG�ZLWK�WKH�UDQGRP�FDVH��7KH�UHGXFWLRQ�RI�HQHUJ\�GHSRVLWLRQ
RI�EHVW�FKDQQHOHG�$U����LRQV�IURP�WKDW�RI�$U����LRQV�LV�URXJKO\�HVWLPDWHG�WR��������������

 ������SHUFHQW��ZKLFK�DJUHHV�ZLWK�WKH�H[SHULPHQWDO�UHVXOW�
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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����0H9

� � � � � � � � � � � � � � � � � ������SODQH

� � � � � � � � � � � � � � � � � ����� �SODQH

� � � � � � � � � � � � � � � � � ����� �SODQH

)LJ������(QHUJ\�GHSRVLWLRQ�VSHFWUD�RI�����0H9�X�&���LRQV�LQ�����µP�6L�FU\VWDO�IRU
UDQGRP�LQFLGHQFH�DQG�VHYHUDO�FKDQQHOLQJ�FDVHV��7KH�WKLFN�OLQHV�LQGLFDWH� WKH�UHVXOWV
RI� WKH� VLPXODWLRQ�� 7KH� DEVFLVVD� LV� WKH� UDWLR� WR� WKH� HQHUJ\� GHSRVLWLRQ� IRU� UDQGRP
LQFLGHQFH�
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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �UDQGRP�

)LJ������ (QHUJ\� GHSRVLWLRQ� VSHFWUD� IRU� ���� 0H9�X� $U���� LRQV� XQGHU� ����� � SODQDU

FKDQQHOLQJ�FRQGLWLRQ�LQ������µP�6L�FU\VWDO���D��7KH�H[SHULPHQWDO�UHVXOW�IRU�WKH�H[LW�FKDUJH
RI������WKLQ�OLQH���7KH�GRWWHG�OLQH�UHSUHVHQWV�WKH�HQHUJ\�GHSRVLWLRQ�IRU�UDQGRP�LQFLGHQFH�
7KH� WKLFN� OLQH� LV� WKH� UHVXOW� RI� WKH� VLPXODWLRQ�� �E�� 7KH� H[SHULPHQWDO� UHVXOW� IRU� WKH� H[LW
FKDUJH� RI� ����� 7KH� FORVHG� FLUFOHV� VKRZ� WKH� UHVXOW� RI� WKH�0RQWH� &DUOR� VLPXODWLRQ�� 7KH
DEVFLVVD�LV�D�UDWLR�WR�WKH�HQHUJ\�GHSRVLWLRQ�IRU�UDQGRP�LQFLGHQFH�
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������ 6LPXODWLRQ�RI�HQHUJ\�GHSRVLWLRQ�XQGHU�FKDQQHOLQJ�FRQGLWLRQ

� � � � 7KH� HQHUJ\� GHSRVLWLRQ� RI� WKH� SODQDU� FKDQQHOHG� LRQ� GHSHQGV� RQ� WKH� RVFLOODWLRQ
DPSOLWXGH�� 7R� REWDLQ� D� UHODWLRQ� EHWZHHQ� WKH� HQHUJ\� GHSRVLWLRQ� DQG� WKH� RVFLOODWLRQ
DPSOLWXGH��WKH�HQHUJ\�GHSRVLWLRQV�RI�FKDQQHOHG�LRQV�ZHUH�VLPXODWHG�E\�FDOFXODWLQJ�WKH
ORFDO�HOHFWURQ�GHQVLW\�DORQJ�WKH� LRQ�WUDMHFWRU\��DQG�WKH� UHVXOWV�ZHUH�FRPSDUHG�ZLWK� WKH
H[SHULPHQWDO�HQHUJ\�GHSRVLWLRQ��$�IORZ�FKDUW�RI�WKH�VLPXODWLRQ�LV�JLYHQ�LQ�)LJ�������7KH
FDOFXODWLRQ� LV� EDVHG� RQ� WKH� /LQGKDUG©V� IRUPXOD� LQ� (T��������� ZKLFK� FRQVLVWV� RI� WKH
GLVWDQW�DQG�WKH�FORVH�FROOLVLRQ�SDUWV��7KH�VWRSSLQJ�SRZHU�ZDV�GLYLGHG�LQWR�WZR�SDUWV�E\�D
PRPHQWXP�WUDQVIHU�

!.�� �I�!�D7)�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����
ZKHUH� I� LV� D� ILWWLQJ�SDUDPHWHU��7KH� IRUPXOD�RI� WKH� ORFDO� VWRSSLQJ�SRZHU� IRU� FKDQQHOHG
LRQV�LV�H[SUHVVHG�DV
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ZKHUH�T��LV�D�FKDUJH�RI�WKH�LQFLGHQW�LRQ��DQG�QH�[��LV�WKH�ORFDO�HOHFWURQ�GHQVLW\��7KH�YDOXH
RI�I� ���LQ�WKLV�IRUPXOD�URXJKO\�FRUUHVSRQGV�WR�αF� �����LQ�WKH�/LQGKDUG�IRUPXOD��L�H���WKH
FRQWULEXWLRQ� IURP� WKH� GLVWDQW� FROOLVLRQ� LV� DERXW� D� KDOI� RI� WKH� UDQGRP� VWRSSLQJ� SRZHU
�HTXLSDUWLWLRQ�UXOH���7KH�ORFDO�HOHFWURQ�GHQVLW\�ZDV�GHULYHG�IURP�WKH�SODQDU�SRWHQWLDO�LQ
(T�������� XVLQJ� WKH� 3RLVVRQ� HTXDWLRQ�� 7KH� DYHUDJHG� VWRSSLQJ� SRZHU� DORQJ� WKH� LRQ
WUDMHFWRU\�ZLWK�WKH�RVFLOODWLRQ�DPSOLWXGH�[��LV�REWDLQHG�E\
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ZKHUH�7RVF�[��LV�D�SHULRG�RI�WKH�RVFLOODWLRQ��ZKLFK�LV�JLYHQ�E\
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DQG�Y⊥�[��LV�WKH�LRQ�YHORFLW\�SHUSHQGLFXODU�WR�WKH�FKDQQHO�SODQH��ZKLFK�VDWLVILHV
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� :KHQ�WKH�WDUJHW�WKLFNQHVV��]���LV�PRUH�WKDQ�VHYHUDO�WLPHV�ODUJHU�WKDQ�WKH�LRQ�SDWK�OHQJWK
SHU�RVFLOODWLRQ��λ� �Y7�[����WKH�WRWDO�HQHUJ\�ORVV�WKURXJKRXW�WKH�SDWK�FDQ�EH�ZULWWHQ�DV
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7KH�HQHUJ\�GHSRVLWLRQ�RI�FKDQQHOHG�LRQV�ZDV�HYDOXDWHG�E\�PRGLI\LQJ�(T�������WR�
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ZKHUH� ��
�H [Q � LV� WKH�DYHUDJHG� ORFDO�HOHFWURQ�GHQVLW\�DORQJ� WKH�LRQ� WUDMHFWRU\��ZKLFK� LV
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7KH�HQHUJ\�ORVV�DQG�WKH�HQHUJ\�GHSRVLWLRQ�ZHUH�FDOFXODWHG�IRU�HDFK�WUDMHFWRU\�
� � � � 7KH� LQFLGHQW� EHDP� GLYHUJHQFH� ZDV� WDNHQ� WR� EH� WKH� VDPH� DV� WKH� H[SHULPHQWDO
FRQGLWLRQ�� 7KH� LRQV� ZKRVH� QHDUHVW� GLVWDQFH� WR� WKH� FKDQQHO� ZDOO�ZDV� VPDOOHU� WKDQ� WKH
RQH�GLPHQVLRQDO�DPSOLWXGH�RI�WKH�WKHUPDO�ODWWLFH�YLEUDWLRQ��X�� ������c�IRU�6L�DW���°&��
ZHUH� WUHDWHG� DV� UDQGRP� LQFLGHQW� LRQV�� L�H��� WKH� HQHUJ\� ORVV� ZDV� FDOFXODWHG� E\�%HWKH©V
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IRUPXOD�ZLWK�WKH�OLQHDU�0RWW�FRUUHFWLRQ�>��@��7KH�GH�FKDQQHOLQJ�HIIHFW�GXULQJ�WKH�WUDYHO
LQ�WKH�FU\VWDO�ZDV�QRW�WDNHQ�LQWR�DFFRXQW�

)LJ������ )ORZ� FKDUW� RI� WKH� VLPXODWLRQ� IRU� HQHUJ\� ORVV� DQG� HQHUJ\� GHSRVLWLRQ� RI
FKDQQHOHG�LRQV�

67$57

6HWWLQJ�DQ�DQJOH�DQG�D�SRVLWLRQ
RI�LQFLGHQW�LRQ

&DOFXODWLRQ� RI� LRQ� WUDMHFWRU\
DQG�ORFDO�HOHFWURQ�GHQVLW\

GS���¤�[����X�

&DOFXODWLRQ�RI� HQHUJ\� ORVV�GXH� WR� FORVH
FROOLVLRQ� IURP� WKH� DYHUDJHG� ORFDO
HOHFWURQ�GHQVLW\�DORQJ�WKH�WUDMHFWRU\

$QDO\WLFDO� FDOFXODWLRQ� RI� HQHUJ\
ORVV�GXH�WR�GLVWDQW�FROOLVLRQ

$QDO\WLFDO� FDOFXODWLRQ
RI�UDQGRP�HQHUJ\�ORVV

2WKHU�WUDMHFWRULHV�"

6XPPLQJ� GLVWULEXWLRQV� RI� HQHUJ\� ORVV� DQG
HQHUJ\�GHSRVLWLRQ�IRU�DOO�WUDMHFWRULHV

6723

<HV

1R

<HV

1R
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������ 5HVXOWV�DQG�GLVFXVVLRQ

� � � � 6LPXODWHG�HQHUJ\�GHSRVLWLRQV� IRU� WKH�FDVH�RI�&��� LRQV�ZLWK�����µP�6L�FU\VWDO�DUH
VKRZQ�LQ�)LJ������E\�WKLFN�OLQHV��7KH�ILWWLQJ�SDUDPHWHUV�� I��ZHUH�VHOHFWHG�DV�����������
DQG������IRU�������� ����� �DQG� ����� �FKDQQHOLQJV��UHVSHFWLYHO\��VR�WKDW�WKH�SHDN�SRVLWLRQ

RI� WKH�FKDQQHOHG�FRPSRQHQW� DJUHHV�ZLWK� WKH�H[SHULPHQWDO�RQH�� ,W�KDV� WR�EH�QRWHG� WKDW
WKH ����� � SODQDU� FKDQQHO� KDV� WZR� GLIIHUHQW� LQWHU�SODQDU� GLVWDQFHV� DV� VKRZQ� )LJ������

ZKLFK�PD\�EH�WKH�UHDVRQ�RI�VPDOOHU�YDOXH�RI�I�IRU�WKH� ����� �SODQDU�FKDQQHOLQJ�FDVH��7KH

PD[LPXP�LPSDFW�SDUDPHWHU�IRU�WKH�FORVH�FROOLVLRQ�LV�JLYHQ�E\�∼��.���7KH�YDOXH�RI�I� 
������ L�H��� WKH�FXW�RII�PRPHQWXP�WUDQVIHU� �GLYLGHG�E\�!��.�� ������D7)��PHDQV� WKDW� WKH
LPSDFW�SDUDPHWHU� IRU� WKH� FORVH� FROOLVLRQ� LV� HIIHFWLYHO\�DERXW� WZR� WLPHV� ODUJHU� WKDQ� WKH
FDVH�ZKHUH�WKH�VWRSSLQJ�SRZHU�FDQ�EH�H[SUHVVHG�E\�WKH�HTXLSDUWLWLRQ�UXOH��7KH�VPDOOHU
IUDFWLRQ�RI�QRQ�FKDQQHOHG�FRPSRQHQW�LQ�WKH�VLPXODWLRQ�FRPSDUHG�ZLWK�WKH�H[SHULPHQWDO
UHVXOW� FDQ� EH� DWWULEXWHG� WR� WKH� ODFN� RI� WKH� GH�FKDQQHOLQJ� HIIHFW� LQ� WKH� VLPXODWLRQ�� 7KH
VKDSH�RI�WKH�FKDQQHOHG�FRPSRQHQW�UHSURGXFHG�WKH�H[SHULPHQWDO�UHVXOW�YHU\�ZHOO�IRU�DOO
SODQDU�FKDQQHOLQJ�FDVHV�
� � � � 6LPXODWHG�UHVXOWV�IRU�����0H9�X�$U����LRQV� ����� �SODQDU�FKDQQHOHG�LQ������µP�6L
FU\VWDO�DUH�VKRZQ�LQ�)LJ������E\�WKLFN�OLQHV��7KH�SDUDPHWHU��I� �������ZDV�DOVR�XVHG�IRU
$U�LRQV��:KHQ�WKH�ILQDO�FKDUJH�VWDWH�LV������WKH�VLPXODWLRQ�ZDV�SHUIRUPHG�DVVXPLQJ�WKH
FKDUJH�VWDWH�ZDV�����WKURXJKRXW�WKH�SDVVDJH��7KLV�LV�QRW�D�EDG�DVVXPSWLRQ��EHFDXVH�WKH
PHDQ�IUHH�SDWK�IRU�LRQL]DWLRQ�� Lλ �∼���µP��LV�VPDOOHU�WKDQ�WKH�WDUJHW�WKLFNQHVV�HYHQ�LQ
WKH� FKDQQHOLQJ� FDVH�� DQG� WKH� VFUHHQLQJ� HIIHFW� E\� WKH� ERXQG� HOHFWURQ� KDV� DQ� LQIOXHQFH
RQO\�IRU�WKH�GLVWDQW�FROOLVLRQ��1RW�RQO\�WKH�VKDSH�RI�WKH�VSHFWUXP�EXW�DOVR�WKH�IUDFWLRQ�RI
QRQ�FKDQQHOHG�FRPSRQHQW�DUH�LQ�JRRG�DJUHHPHQW�ZLWK�WKH�H[SHULPHQWDO�UHVXOWV��EHFDXVH
WKH�GH�FKDQQHOLQJ�HIIHFW� LV�VPDOOHU� WKDQ� WKH�FDVH�RI�&� LRQV�ZKHUH� WKH�FU\VWDO�ZDV�∼���
WLPHV�WKLFNHU��,Q�WKH�FDVH�RI�$U����LRQV�ZLWK�IUR]HQ�FKDUJH�VWDWH��WKH�UHSUHVHQWDWLRQ�RI�WKH
HQHUJ\� GHSRVLWLRQ� E\� WKH� *DXVVLDQ� VKDSH� LV� QR� ORQJHU� DSSURSULDWH�� EHFDXVH� WKHVH
FKDQQHOHG� LRQV� DUH� H[SHFWHG� WR� WUDYHO� QHDU� WKH� FKDQQHO� FHQWHU�� ZKHUH� WKH� QXPEHU� RI
FROOLVLRQV�ZLWK�WKH�WDUJHW�HOHFWURQ�LV�TXLWH�VPDOO��7KH�YDOXH�RI�κ�LQ�(T��������IRU�WKH�EHVW
FKDQQHOHG� LRQV� EHFRPHV� ������ ZKLFK� VDWLVILHV� WKH� FRQGLWLRQ� IRU� /DQGDX� GLVWULEXWLRQ
UDWKHU� WKDQ� WKH� *DXVVLDQ� VKDSH�� 7KH� FORVHG� FLUFOHV� LQ� )LJ����E� DUH� WKH� UHVXOW� RI� WKH
0RQWH�&DUOR�VLPXODWLRQ��ZKHQ�WKH�LQFLGHQW�GLVWDQFH�RI�WKH�FKDQQHOHG�$U����LRQV�IURP�WKH
FKDQQHO�FHQWHU�LV�OHVV�WKDQ�GS����7KH�GLVWDQFH�ZDV�URXJKO\�VHOHFWHG��VLQFH�WKH�PHDQ�IUHH�
SDWK�IRU��V�LRQL]DWLRQ�RI�FKDQQHOHG�LRQV�ZLWK�WKH�RVFLOODWLRQ�DPSOLWXGH�ODUJHU�WKDQ�∼GS��
LV� VPDOOHU� WKDQ� WKH� WDUJHW� WKLFNQHVV�� L�H��� WKHVH� FKDQQHOHG� LRQV� DUH� UHJDUGHG� QRW� WR� EH
LRQL]HG�� 7KH� UHVXOW� RI� WKH� 0RQWH� &DUOR� VLPXODWLRQ� VKRZV� D� JRRG� DJUHHPHQW� ZLWK
H[SHULPHQWDO�UHVXOW�
� � � � )URP�WKLV�FDOFXODWLRQ��D�UHODWLRQ�EHWZHHQ�WKH�HQHUJ\�GHSRVLWLRQ�DQG�WKH�RVFLOODWLRQ
DPSOLWXGH� RI� WKH� FKDQQHOHG� LRQV� ZDV� REWDLQHG�� ZKLFK� LV� VKRZQ� LQ� )LJ�����D� IRU� ���
0H9�X�&��� LRQV�LQ�����µP�6L�FU\VWDO�XQGHU�������� ����� �DQG� ����� �SODQDU�FKDQQHOLQJ

FRQGLWLRQV��7KH� HQHUJ\� GHSRVLWLRQ� VORZO\� LQFUHDVHV�ZLWK� WKH� JURZWK� RI� WKH� RVFLOODWLRQ
DPSOLWXGH�QHDU�WKH�FKDQQHO�FHQWHU��DQG�WKHQ�LW�ULVHV�UDSLGO\�DW�WKH�YLFLQLW\�RI�WKH�FKDQQHO
ZDOO� DQG� H[FHHGV� WKH� HQHUJ\� GHSRVLWLRQ� IRU� UDQGRP� LQFLGHQFH�� )LJ�����E� VKRZV� ORFDO
HOHFWURQ� GHQVLWLHV� LQ� ������� ����� � DQG� ����� � SODQHV� DV� IXQFWLRQV� RI� WKH� GLVWDQFH� IURP

WKH� FKDQQHO� FHQWHU�� 7KH� UHODWLRQ� EHWZHHQ� WKH� HQHUJ\� GHSRVLWLRQ� DQG� WKH� RVFLOODWLRQ
DPSOLWXGH� RI� ����� � SODQDU� FKDQQHOHG�$U���� DQG�$U���� LRQV� DUH� VKRZQ� LQ� )LJ�����D��$
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UHODWLRQ�EHWZHHQ� WKH� LRQ� SDWK� OHQJWK� SHU�RVFLOODWLRQ� DQG� WKH� RVFLOODWLRQ� DPSOLWXGH�ZDV
DOVR�REWDLQHG� IURP� WKH� VLPXODWLRQ�� DQG� WKH� UHVXOW� LV� VKRZQ� LQ�)LJ�����E��7KH� LRQ�SDWK
OHQJWK� SHU� RVFLOODWLRQ�� λRVF�� LV� ∼�� µP� LQ� WKLV� FDVH�� 7KH� VXUYLYHG� $U���� IUDFWLRQ� DV� D
IXQFWLRQ� RI� WKH� RVFLOODWLRQ� DPSOLWXGH� LV� REWDLQHG� IURP� WKH� H[SHULPHQWDO� UHVXOW� RI� WKH
FKDUJH�VWDWH�GLVWULEXWLRQ�PHDVXUHG�LQ�FRLQFLGHQFH�ZLWK�WKH�HQHUJ\�GHSRVLWLRQ��ZKLFK�LV
VKRZQ� E\� RSHQ� FLUFOHV� LQ� )LJ������� +HUH�� WKH� VLPXODWHG� UHODWLRQ� EHWZHHQ� WKH� HQHUJ\
GHSRVLWLRQ�DQG�WKH�RVFLOODWLRQ�DPSOLWXGH�LV�XVHG��7KH�YHUWLFDO�DQG�KRUL]RQWDO�HUURU�EDUV
ZHUH� HYDOXDWHG� IURP� WKH� VWDWLVWLFDO� IOXFWXDWLRQ� DQG� WKH� HQHUJ\� VWUDJJOLQJ�� UHVSHFWLYHO\�
)RU� WKH�EHVW�FKDQQHOHG� LRQV��DERXW����SHUFHQW�RI� WKH� LQFLGHQW�$U���� LRQV�VXUYLYHG�DIWHU
WUDQVPLVVLRQ� WKURXJK� WKH� ����� µP� FU\VWDO�� 2Q� WKH� FRQWUDU\�� FKDQQHOHG� LRQV� ZLWK� WKH
RVFLOODWLRQ�DPSOLWXGH�ODUJHU� WKDQ�����c�KDUGO\�VXUYLYHG��7KH�VROLG� OLQH�VKRZV�D�UHHVXOW
FDOFXODWHG�IURP�WKH��V�LRQL]DWLRQ�FURVV�VHFWLRQ�DQG�IURP�WKH�WDUJHW�HOHFWURQ�DQG�QXFOHDU
�SODQH��GHQVLWLHV��7KH�ORFDO�HOHFWURQ�GHQVLW\�ZDV�FDOFXODWHG�ZLWK�WKH�0ROLqUH�SRWHQWLDO�
DQG�D�RQH�GLPHQVLRQDO�QXFOHDU�GHQVLW\�RULJLQDWLQJ�IURP�WKH�WKHUPDO�ODWWLFH�YLEUDWLRQ�ZDV
UHSUHVHQWHG�E\
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$�ORQJ�GDVKHG�OLQH�VKRZV�WKH�UHVXOWV�ZKHQ�WKH�QXFOHDU�GLVWULEXWLRQ�LV�UHSUHVHQWHG�E\�WKH
*DXVVLDQ� VKDSH� ZLWK� WKH� VWDQGDUG� GHYLDWLRQ� RI� X�� � ������ c��� DQG� WKH� GRWWHG� OLQH
LQGLFDWHV�WKH�UHVXOW�ZLWKRXW�QXFOHDU�LPSDFW�LRQL]DWLRQ��,Q�WKH�SUHVHQW�FDVH��VHOHFWLQJ�ERWK
5�DQG�D�DV�������c��WKH�FDOFXODWLRQ�ZHOO�UHSURGXFHG�WKH�H[SHULPHQWDO�UHVXOW��7KH�VDPH
QXFOHDU�HIIHFW�IRU�LRQL]DWLRQ�RU�H[FLWDWLRQ�LV�XVHG�LQ�WKH�0RQWH�&DUOR�VLPXODWLRQ�RQ�5&(
LQ�&KDS���
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)LJ�������D��5HODWLRQ�EHWZHHQ�WKH�HQHUJ\�GHSRVLWLRQ�DQG�WKH�RVFLOODWLRQ�DPSOLWXGH�RI
�����0H9�X�&���LRQV�FKDQQHOHG�LQ�WKH������� ����� �DQG� ����� �SODQHV��7KH�GRWWHG�OLQH

LV�WKH�H[SHULPHQWDO�HQHUJ\�GHSRVLWLRQ�IRU�UDQGRP�LQFLGHQFH��7KH�DUURZV�LQGLFDWH�WKH
SRVLWLRQ�RI�WKH�FKDQQHO�ZDOOV���E��/RFDO�HOHFWURQ�GHQVLWLHV�LQ������� ����� �DQG� �����

SODQDU�FKDQQHOV�DV�IXQFWLRQV�RI�WKH�GLVWDQFH�IURP�FKDQQHO�FHQWHU�



��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

)LJ�������D��5HODWLRQV�EHWZHHQ�WKH�HQHUJ\�GHSRVLWLRQ�DQG�WKH�RVFLOODWLRQ�DPSOLWXGH�IRU
����0H9�X�$U���� DQG�$U���� LRQV�FKDQQHOHG� LQ� WKH ����� �SODQH��7KH�GRWWHG� OLQH� LV� WKH

H[SHULPHQWDO� HQHUJ\� GHSRVLWLRQ� RI� $U� LRQV� ZLWK� T
LQ
�  � ��� DQG� T

RXW
�  � ��� IRU� UDQGRP

LQFLGHQFH�� �E�� 5HODWLRQV� EHWZHHQ� WKH� SDWK� OHQJWK� RI� LRQ� SHU� RVFLOODWLRQ� DQG� WKH
RVFLOODWLRQ�DPSOLWXGH�
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)LJ������)UDFWLRQ�RI�VXUYLYHG�$U����LRQV�DV�D�IXQFWLRQ�RI�WKH�RVFLOODWLRQ�DPSOLWXGH��7KH
RSHQ� FLUFOHV� LQGLFDWH� WKH� H[SHULPHQWDO� UHVXOWV�� &DOFXODWHG� UHVXOWV� ZLWK� WKH� QXFOHDU
GLVWULEXWLRQ�UHSUHVHQWHG�E\�(T���������VROLG�OLQH���E\�WKH�*DXVVLDQ�VKDSH��ORQJ�GDVKHG
OLQH��DQG�ZLWKRXW�QXFOHDU�LPSDFW�LRQL]DWLRQ��GRWWHG�OLQH��DUH�VKRZQ�
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�� 2EVHUYDWLRQ�RI�UHVRQDQW�FRKHUHQW�H[FLWDWLRQ
���� +RZ�WR�REVHUYH�5&(
� � � � )LJ����� VKRZV� LRQ� HQHUJLHV�� ZKLFK� VDWLVI\� WKH� 5&(� FRQGLWLRQV� IRU� WKH� �V��S
WUDQVLWLRQ�RI�K\GURJHQ�OLNH�$U����LRQV�FKDQQHOHG�LQ�WKH�6L� ����� �SODQHV��DV�IXQFWLRQV�RI
WKH� WLOW� DQJOH� IURP� WKH� >���@�D[LV��7KH�QXPEHUV� LQ�SDUHQWKHVHV� LQGLFDWH� LQGH[HV�RI� WKH
UHVRQDQFH�� �N�O��� JLYHQ� LQ� (T��������� 8VLQJ� ���� 0H9�X� $U���� LRQV�� VHYHUDO� UHVRQDQW
H[FLWDWLRQV�FDQ�EH�UHDOL]HG�E\�VFDQQLQJ�WKH�WLOW�DQJOH��GRWWHG�OLQH���&KDQQHOHG�LRQV�ZLWK
ERXQG�HOHFWURQV�DUH�H[FLWHG�RU�LRQL]HG�SULPDULO\�WKURXJK�FROOLVLRQV�ZLWK�WDUJHW�HOHFWURQV
DV� VKRZQ� LQ� )LJ������ 8QGHU� WKH� �V��S� 5&(� FRQGLWLRQ�� WKH� UHODWLYH� IUDFWLRQ� RI� WKH
LRQL]DWLRQ� YLD� Q�  � �� VWDWHV� LQFUHDVHV�� 7KHUHIRUH�� ZH� FDQ� REVHUYH� WKH� 5&(� WKURXJK
PHDVXUHPHQWV� RI� WKH� FKDUJH� VWDWH� GLVWULEXWLRQ� RI� WUDQVPLWWHG� LRQV� DQG� WKH� \LHOG� RI
FRQYR\�HOHFWURQV��>����@

)LJ����� ,RQ� HQHUJLHV�� ZKLFK� VDWLVI\� WKH� �V��S� 5&(� FRQGLWLRQ� IRU� ����� � SODQDU
FKDQQHOHG�$U���� LRQV�DV�IXQFWLRQV�RI� WKH�WLOW�DQJOH�IURP�>���@�D[LV��7KH�QXPEHUV� LQ
SDUHQWKHVHV�PHDQ�WKH�LQGH[HV�RI�WKH�UHVRQDQFH��7KH�GRWWHG�OLQH�LQGLFDWHV�WKH�VFDQ�LQ
WKH�SUHVHQW�H[SHULPHQW�
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� � � � 7KH�HOHFWURQV�H[FLWHG�WR� WKH�Q� ���VWDWHV�KDYH�DQRWKHU�GHFD\�FDQQHO��ZKLFK� LV� WKH
GH�H[FLWDWLRQ� DFFRPSDQLHG� E\� WKH�;�UD\� HPLVVLRQ�� ,Q� WKH� FDVH� RI�$U���� LRQ�� WKH� �S��V
WUDQVLWLRQ� HQHUJ\� LV� ∼���� NH9�� DQG� WKH� ZDYHOHQJWK� RI� WKH� FRUUHVSRQGLQJ� ;�UD\�� λ�� LV
∼���×��−��FP��7KH�PHDQ�RUELWDO�UDGLXV�RI�WKH��S�HOHFWURQ�RI�$U����LRQ�� U ��LV�∼���×��−�

FP�� ,Q� WKLV� FDVH�� ��� λπ UUN =⋅ �� LV� ∼���� �� ��� ZKLFK� LQGLFDWHV� WKDW� WKH� GLSROH� �(��
WUDQVLWLRQ�LV�GRPLQDQW��7KH�UDGLDWLYH� OLIHWLPH�RI� WKH��S�VWDWH�RI�$U���� LV������×���� ¤��� V
>��@��ZKLFK�FRUUHVSRQGV�WR�WKH�LRQ�SDWK�OHQJWK�RI�����µP�LQ�WKH�SUHVHQW�FDVH��:KHQ�WKH
TXDQWL]DWLRQ�D[LV�LV�VHOHFWHG�DV�[�D[LV��WKH�DQJXODU�GLVWULEXWLRQ�RI�WKH�;�UD\�HPLVVLRQ�IRU
(��WUDQVLWLRQ�IURP��S[�LV�JLYHQ�E\
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�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

ZKHUH�θ�LV�WKH�DQJOH�IURP�WKH�TXDQWL]DWLRQ�D[LV��(DFK�Q� ���VWDWH��ZKLFK�LV�QDPHG�/HYHOV
�� −� �� LQ� 6HF������ KDV� GLIIHUHQW� IUDFWLRQV� RI� �S[�� �S\� DQG� �S]� FRPSRQHQWV� �)LJ�������
7KHUHIRUH�� DQ� DQLVRWURS\� RI� WKH� ;�UD\� HPLVVLRQ� IURP� WKH� LRQV� H[FLWHG� WR� WKH� OHYHO� LQ
ZKLFK��S[���S\�DQG��S]�FRPSRQHQWV�DUH�QRW�HTXDOO\�FRQWDLQHG�LV�H[SHFWHG�WR�EH�REVHUYHG
>��@��2Q� WKH� RWKHU� KDQG��;�UD\V� IURP��V� VWDWH� FDQ� QRW�EH� REVHUYHG� DOWKRXJK� WKH� VWDWH
GHFD\V�E\�WZR�SKRWRQ�GLSROH���(���WUDQVLWLRQ�ZLWK�D�OLIHWLPH�RI�����QV�>��@��EHFDXVH�WKH
LRQ�SDWK�OHQJWK�FRUUHVSRQGLQJ�WR�WKH�OLIHWLPH�LV�PXFK�ODUJHU�WKDQ�WKH�PHDQ�IUHH�SDWK�IRU
�V�LRQL]DWLRQ��$FFRUGLQJO\�� WKH�PHDVXUHPHQW� RI� WKH� GH�H[FLWDWLRQ�;�UD\V� JLYHV� XV� QRW
RQO\�DQ�HYLGHQFH�RI�WKH�5&(�EXW�DOVR�D�PRUH�GHWDLOHG�XQGHUVWDQGLQJ�RI�WKH�Q� ���H[FLWHG
VWDWHV�RI�WKH�FKDQQHOHG�LRQV��IRU�LQVWDQFH��ZKHWKHU�WKH�H[FLWHG�LRQV�PDLQWDLQ�WKHLU�LQLWLDO
FRPSRVLWLRQ�RI��V���S[���S\�DQG��S]�FRPSRQHQWV�RU�QRW�

� � � � � � � � � � � � � � � � � � � � � � � Q� ���LRQL]DWLRQ

� � � � �V�LRQL]DWLRQ

� � � � � � � � � � � � � � � � � � � � � � � H[FLWDWLRQ� � � � GH�H[FLWDWLRQ� � � � � � � � ;�UD\

� � � � � � � � � � � � � � � � Q� ��

� � � � � � � � � � � � � � � � � � � � � � � � � � Q� ��

)LJ�����3URFHVVHV�RI�WKH�K\GURJHQ�OLNH�LRQ�WUDYHOLQJ�LQ�WKH�WDUJHW�
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���� ([SHULPHQWDO�VHWXS
� � � � $� VFKHPDWLF� GUDZLQJ� RI� H[SHULPHQWDO� VHWXS� IRU� WKH� 5&(� REVHUYDWLRQ� WKURXJK
PHDVXUHPHQW�RI�WKH�FKDUJH�VWDWH�RI�WUDQVPLWWHG�LRQV�DQG�WKH�FRQYR\�HOHFWURQV�LV�JLYHQ�LQ
)LJ������$� ����0H9�X�$U���� LRQ� EHDP�ZDV� LQMHFWHG� LQWR� D� 6L� FU\VWDO�PRXQWHG� RQ� WKH
WKUHH�D[LV� JRQLRPHWHU�� 7KH� WUDQVPLWWHG� LRQV� ZHUH� FKDUJH�VHSDUDWHG� E\� D� PDJQHW�� DQG
ZHUH�GHWHFWHG�E\� D��'�36'��7KH� FRQYR\�HOHFWURQV�ZHUH�EHQW�E\� D�PDJQHWLF�DQDO\]HU�
DQG�ZHUH� GHWHFWHG� E\� DQ� 66'�ZLWK� D� GHSOHWLRQ� OD\HU� RI� ��PP��7KH� UDQJH� RI� FRQYR\
HOHFWURQ� ����� NH9�� LV� DERXW� ���� µP� LQ� DOXPLQXP�� 7ZR� DOXPLQXP� VOLWV� ZLWK� WKH
WKLFNQHVV�RI���PP�DQG�ZLWK�WKH�LQQHU�GLDPHWHU�RI���PP�ZHUH�SODFHG�DW�WKH�H[LW�RI�WKH
PDJQHWLF�DQDO\]HU�DQG�LQ�IURQW�RI�WKH�66'��7KH�HOHFWURQV�ZLWKLQ�WKH�IRUZDUG�DQJOH�RI��°
ZHUH�GHWHFWHG�E\�WKH�66'��7KH�PRPHQWXP�VSHFWUXP�RI�FRQYR\�HOHFWURQV�ZDV�REWDLQHG
E\�VFDQQLQJ�WKH�PDJQHWLF� ILHOG�RI� WKH�DQDO\]HU��$�W\SLFDO�HQHUJ\�VSHFWUXP�GHWHFWHG�E\
WKH� 66'� IRU� D� IL[HG� PDJQHWLF� ILHOG� LV� VKRZQ� LQ� )LJ������ %HFDXVH� WKH� 66'� LV� HQHUJ\
VHQVLWLYH�� LW� LV� XVHIXO� WR� VHOHFW� WKH� VLJQDO� RI� WKH� FRQYR\� HOHFWURQV� IURP� WKH� HQHUJHWLF
EDFNJURXQG�HOHFWURQV�DQG�RU�γ�UD\V�
� � � � $�VFKHPDWLF�GUDZLQJ�RI�H[SHULPHQWDO� VHWXS� IRU� WKH�5&(�REVHUYDWLRQ� WKURXJK� WKH
PHDVXUHPHQW�RI�WKH�GH�H[FLWDWLRQ�;�UD\V�LV�JLYHQ�LQ�)LJ������,Q�WKH�;�UD\�PHDVXUHPHQW�
WKH�6L ����� �SODQH�LV�NHSW�KRUL]RQWDO��DQG�WKH�DQJOH�θ�GHILQHG�LQ�)LJ�����LV�DOWHUHG��7ZR
6L�/L��GHWHFWRUV� ZHUH� SODFHG� DW� ��°� IURP� WKH� EHDP� GLUHFWLRQ� RQ� WKH� KRUL]RQWDO� DQG
YHUWLFDO� SODQHV�� ZKLFK� DUH� QDPHG� ¦'HWHFWRU� �+�§� DQG� ¦'HWHFWRU� �9�§� KHUHDIWHU�� 7KH
DQJOH���°� LQ�WKH�ODERUDWRU\�IUDPH�FRUUHVSRQGV�WR�����°� LQ� WKH�SURMHFWLOH�IUDPH��DQG�WKH
GH�H[FLWDWLRQ�;�UD\� IURP��S

]
� FDQ� EH�PHDVXUHG�ZLWK� DOPRVW� WKH�PD[LPXP� LQWHQVLW\� DV

ZHOO� DV� WKDW� IURP��S
[
��+HUH��[� DQG� ]�D[HV� DUH� GHILQHG� DV�SHUSHQGLFXODU� WR� WKH� FKDQQHO

SODQH�DQG�SDUDOOHO� WR� WKH�EHDP�GLUHFWLRQ�� UHVSHFWLYHO\��*HRPHWULFDO� HIILFLHQFLHV� IRU� WKH
GHWHFWRUV�ZHUH�∼���×��−���$OXPLQXP�IRLOV�ZLWK� WKH� WKLFNQHVV�RI���µP�ZHUH� ORFDWHG� LQ
IURQW�RI�WKH�GHWHFWRUV�WR�UHGXFH�WKH�EDFNJURXQG�LQ�WKH�ORZHU�HQHUJ\�UHJLRQ��7UDQVPLWWHG
IUDFWLRQ�RI�GH�H[FLWDWLRQ�;�UD\V� IURP�$U�LRQV�WKURXJK�WKH�DOXPLQXP�IRLO�ZDV�DERXW���
SHUFHQW��7R�PRQLWRU� WKH�EHDP�LQWHQVLW\��DQRWKHU�6L�/L��GHWHFWRU�ZDV�SODFHG�ZLWK�D�&X�
IRLO�RI����µP�WKLFNQHVV�DW� WKH�HQG�RI� WKH�EHDP�OLQH��DQG�&X�.α�;�UD\V�ZHUH�GHWHFWHG�
7KH� PD[LPXP� EHDP� LQWHQVLW\� IRU� PHDVXULQJ� WKH� FKDUJH� VWDWH� GLVWULEXWLRQ� ZDV� ∼���
SDUWLFOH�VHF��EHFDXVH�WKH��'�36'�GLG�QRW�ZRUN�IRU�KLJKHU�EHDP�LQWHQVLW\��2Q�WKH�RWKHU
KDQG��PHDVXUHPHQW� RI�;�UD\V� RU� FRQYR\� HOHFWURQV� QHHGHG� WKH� EHDP� LQWHQVLW\� RI�∼���
SDUWLFOH�VHF��7KH�UHODWLRQ�EHWZHHQ�WKH�QXPEHU�RI�SDUWLFOHV�GHWHFWHG�E\�WKH��'�36'�DQG
WKH�LQWHQVLW\�RI�&X�.α�;�UD\V�ZHUH�REWDLQHG�LQ�DGYDQFH�
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� � � � � � � � � � � � � ���FP� � � � � � � � � � � � � � � $O�VOLWV

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 0DJQHW

� � � � � � 6L�FU\VWDO

� � $U���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �'�36'

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

� � � � � � � � � � � � � � � � � � 0DJQHWLF� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $U���

� � � � � � � � � � ���FP� � � $QDO\]HU� � � � � 9HUWLFDO�VOLW

� � � � � � � � � � � � � � � � � � � � � � � � � � � � &RQYR\�HOHFWURQ

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %DFNJURXQG

)LJ�����6FKHPDWLF�GUDZLQJ�RI�H[SHULPHQWDO�VHWXS�IRU�5&(�REVHUYDWLRQ�WKURXJK�WKH
PHDVXUHPHQW�RI�FRQYR\�HOHFWURQV�
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)LJ�����7\SLFDO�HQHUJ\�VSHFWUXP�GHWHFWHG�E\�WKH�66'�IRU�D�IL[HG�PDJQHWLF
ILHOG�RI�WKH�DQDO\]HU�
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���� 0HDVXUHPHQW�RI�FKDUJH�VWDWH�GLVWULEXWLRQ

������ 5&(�SURILOH�IRU�FKDUJH�VWDWH�GLVWULEXWLRQ
� � � � 7KH� IUDFWLRQV� RI� $U���� WUDQVPLWWHG� WKURXJK� ����� µP� 6L� FU\VWDO� IRU� ������ SODQDU
FKDQQHOLQJ�FDVH��DQG������µP�6L�FU\VWDO�IRU�������� ����� �DQG� ����� �SODQDU�FKDQQHOLQJ
FDVHV�DUH�VKRZQ�LQ�)LJ�����DV�IXQFWLRQV�RI�WKH�WLOW�DQJOH�IURP�WKH�>���@�D[LV�RQ�WKH�DERYH
FKDQQHO�SODQH��6KDUS�UHVRQDQFH�SHDNV�FRUUHVSRQGLQJ�WR��N�O�� ����������������������������
������ DQG� �N�O��  � ������� ������� ������ ZHUH� REVHUYHG� IRU� ����� � DQG� ����� � SODQDU
FKDQQHOLQJV�� UHVSHFWLYHO\�� 5HVRQDQFH� SHDNV� FRUUHVSRQGLQJ� WR� �N�O��  � ������ IRU� �����

SODQDU�FDVH�DQG��N�O�� �������DQG�������IRU� ����� �SODQDU�FDVH�ZHUH�DEVHQW�EHFDXVH�RI�WKH
VHOHFWLRQ� UXOH� GLVFXVVHG� LQ� 6HF�������� ,Q� WKH� FDVH� RI� ������ SODQDU� FKDQQHOLQJ�� DOO
UHVRQDQFH�SHDNV�IURP��N�O�� �������WR�������ZHUH�REVHUYHG�DV�H[SHFWHG�

������ )LQH�VWUXFWXUH�RI��N�O�� �������UHVRQDQFH
� � � � 5HVXOWV� RI� WKH� ILQH� VFDQ� DURXQG� WKH� �N�O��  � ������ UHVRQDQFH� IRU� WKH� ����� � SODQDU

FKDQQHOLQJ�ZLWK������DQG����µP�FU\VWDOV�DUH�VKRZQ�LQ�)LJ������7KH�ORZHU�VFDOH�LV�WKH�WLOW
DQJOH�IURP�WKH�>���@�D[LV��DQG�WKH�XSSHU�VFDOH�LV�WKH�WUDQVLWLRQ�HQHUJ\�FRUUHVSRQGLQJ�WR
WKH�WLOW�DQJOH�E\�(T���������,Q�WKH�FDVH�RI������µP�FU\VWDO��66'���WKH�IUDFWLRQ�RI�LRQL]HG
$U���� ZDV� ∼��� SHUFHQW� IRU� RII�UHVRQDQFH�� DQG� LQFUHDVHG� WR� ∼��� SHUFHQW� XQGHU� WKH
UHVRQDQFH�FRQGLWLRQ��7KH�UHVRQDQFH�ZDV�VSOLW� LQWR�WZR�SHDNV�EHFDXVH�RI� WKH�VSLQ�RUELW
LQWHUDFWLRQ��'RWWHG� OLQHV� LQ� WKH� ILJXUH� LQGLFDWH� WKH� WUDQVLWLRQ�HQHUJLHV�RI�K\GURJHQ�OLNH
$U�IURP��V�WR�Q� ����-� ���� DQG�-� ������VWDWHV�LQ�YDFXXP��ZKLFK�DUH��������DQG�������
NH9��UHVSHFWLYHO\��7KH�-� �����SHDN�KDV�D�GRXEOHW�VWUXFWXUH�RULJLQDWLQJ�LQ�WKH�6WDUN�HIIHFW
E\�WKH�VWDWLF�FU\VWDO�ILHOG�
� � � � ,Q� WKH� SUHVHQW� H[SHULPHQW�� WKH� HQHUJ\� GHSRVLWLRQ� RI� WKH� LRQ� WR� WKH� WDUJHW� FU\VWDO
�66'��ZDV�DOVR�PHDVXUHG� LQ�FRLQFLGHQFH�ZLWK� LWV�FKDUJH� VWDWH��6XUYLYHG�$U���� IUDFWLRQ
DIWHU�WKH�WUDQVPLVVLRQ�WKURXJK�WKH�FU\VWDO�ZLWK�WKH�WKLFNQHVV��]

�
��LV�D�IXQFWLRQ�RI�WKH�WLOW

DQJOH��θ��DQG� WKH� HQHUJ\�GHSRVLWLRQ��∆(�� L�H��� ���Δ� �

��
](I θ ��)LJ�����VKRZV�D�FRQWRXU

PDS�RI� ���Δ� �

�� ](I θ ��7KH�DEVFLVVD�DQG�WKH�RUGLQDWH�DUH�WKH�WLOW�DQJOH�DQG�WKH�HQHUJ\
GHSRVLWLRQ�� UHVSHFWLYHO\�� 7KH� OHIW� VFDOH� RI� WKH� RUGLQDWH� LV� WKH� RVFLOODWLRQ� DPSOLWXGH
FRUUHVSRQGLQJ� WR� WKH� HQHUJ\� GHSRVLWLRQ� WKURXJK� WKH� VLPXODWHG� UHVXOWV� LQ� 6HF�������
&KDQQHOHG� LRQV� H[SHULHQFH� LQFRKHUHQW� LRQL]DWLRQ�� LQFRKHUHQW� H[FLWDWLRQ�GH�H[FLWDWLRQ�
DQG� FRKHUHQW� H[FLWDWLRQ�GH�H[FLWDWLRQ�� $FFRUGLQJO\�� WKH� IUDFWLRQ�� ���Δ� �

��
](I θ �

UHIOHFWV�WKH�FRQWULEXWLRQV�RI�LQFRKHUHQW�LRQL]DWLRQ�E\�WKH�WDUJHW�HOHFWURQ�LPSDFW�DV�ZHOO
DV�WKH�LRQL]DWLRQ�VXEVHTXHQW� WR�WKH�FRKHUHQW�H[FLWDWLRQ��7R�GHVFULEH�WKH�DWRPLF�SURFHVV
RI�WKH�FKDQQHOHG�LRQ�ULJRURXVO\��WKH�WLPH�GHSHQGHQW�6FKU|GLQJHU�HTXDWLRQ�LQFOXGLQJ�WKH
FRKHUHQW� DQG� LQFRKHUHQW� SURFHVVHV� >��@� VKRXOG� EH� VROYHG��+RZHYHU�� LQ� WKLV� VHFWLRQ�� D
VLPSOH� UDWH�HTXDWLRQ�ZDV�SUHOLPLQDULO\�DGRSWHG� WR�H[WUDFW� WKH� LRQL]HG� IUDFWLRQ� WKURXJK
WKH�5&(�SURFHVV�IURP�WKH�H[SHULPHQWDO�UHVXOW�>��@��ZKLFK�LV

��Δ����
��Δ�� ��

L5

��

](INN
G]

](GI θθ +−= �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

ZKHUH�N
5
�DQG�N

L
�DUH�LRQL]DWLRQ�UDWHV�SHU�XQLW�OHQJWK�WKURXJK�WKH�5&(�DQG�WKURXJK�RQO\

LQFRKHUHQW�SURFHVVHV��UHVSHFWLYHO\��)RU�RII�UHVRQDQFH�FDVH��L�H���θ� �θ
RII
��N

5
�EHFRPHV�WR���

7KH�LRQL]DWLRQ�UDWH��N
L
��LV�FRQVLGHUHG�WR�EH�FRQVWDQW�H[FHSW�ZKHQ�WKH�LRQV�JHW�RII�WKH

FKDQQHOLQJ�FRQGLWLRQ��6ROYLQJ�(T��������VXUYLYHG�$U����IUDFWLRQV�DIWHU�WUDQVPLVVLRQ
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� � � � � � � � � � � � � � � � � � ����� �SODQH�������µP�
����� �����

����� �����

�����

� � � � � � � � � � � � � � � � � � ������SODQH�������µP�
����� �����

�����

�����

�����

� � � � � � � � � � � � � � � � � � ����� �SODQH�������µP�
�����

�����

�����

)LJ����� )UDFWLRQ� RI� LRQL]HG�$U���� LRQV� DV� D� IXQFWLRQ� RI� WKH� WLOW� DQJOH� IURP� >���@� D[LV
XQGHU� ����� ��������DQG� ����� �SODQDU�FKDQQHOLQJ�FRQGLWLRQV�

���

���

���

�
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WKURXJK�WKH�FU\VWDO�XQGHU�WKH�5&(�DQG�RII�UHVRQDQFH�FRQGLWLRQV�DUH�JLYHQ�E\
�L5 ��

�
�� ��Δ�� ]NNH](I +−=θ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

DQG
�L��Δ�� �RII

�� ]NH](I −=θ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����
UHVSHFWLYHO\��+HUH��DQ� LRQL]HG�IUDFWLRQ�RQO\� WKURXJK� WKH�5&(�SURFHVV�� L�H���ZLWKRXW� WKH
LQFRKHUHQW� LRQL]DWLRQ� IURP� WKH� JURXQG� VWDWH�� LV� LQWURGXFHG� WR� HYDOXDWH� WKH� VXEVHTXHQW
LRQL]HG�IUDFWLRQ�DIWHU�WKH�5&(��ZKLFK�LV�JLYHQ�E\

�5��Δ������
5&(

]NH() −→ −=θ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

$GRSWLQJ�(TV�������DQG�������� �Δ������
5&( () θ→ �FDQ�EH�ZULWWHQ�DV

��Δ����Δ����Δ�� �RII
��

�
������

5&( ](I](I() θθθ −=→ �� � � � � � � � � � � � � � � � � � � � � � � � � �����
� � � � 7KH�FRQWRXU�PDS�RI�WKH�IUDFWLRQ� �Δ������

5&(
() θ→ ��LV�VKRZQ�LQ�)LJ������7KH�IUDFWLRQ�

�Δ������

5&(
() θ→ ��EHFRPHV�ODUJHU�DV�WKH�LQFUHDVH�RI�WKH�RVFLOODWLRQ�DPSOLWXGH��7KLV�LV�GXH

WR�WKH�ODUJH�5&(�SUREDELOLW\�QHDU�WKH�FKDQQHO�ZDOO��7KH�IDFW�WKDW�RVFLOODWLQJ�LRQV�VSHQG
ORQJHU�WLPH�QHDU�WKH�WXUQLQJ�SRLQW�RI�WKH�WUDMHFWRU\�WKDQ�QHDU�WKH�FKDQQHO�FHQWHU�WHQGV�WR
HQKDQFH� �Δ������

5&(
() θ→ � IRU� WKH� ODUJHU� DPSOLWXGH�� )LJ������ VKRZV� FDOFXODWHG� HQHUJ\

OHYHOV�RI�Q� ���VWDWHV� �)LJ�������GHVFULEHG� LQ� WKH�OLQHDU�VFDOH�RI� WKH�HQHUJ\�GHSRVLWLRQ�
ZKHUH� WKH�RVFLOODWLRQ�DPSOLWXGH� FRUUHVSRQGLQJ� WR� WKH�HQHUJ\�GHSRVLWLRQ� LV� UHJDUGHG� DV
WKH� GLVWDQFH� IRUP� WKH� FKDQQHO� FHQWHU�� 7KH� PDS� RI� �Δ������

5&(
() θ→ � UHIOHFWV� WKH� HQHUJ\

OHYHO�RI�Q� ���VWDWHV��DQG�WKH�ZLGH�VSOLWWLQJ�EHWZHHQ�/HYHO���DQG���ZDV�FOHDUO\�REVHUYHG�
7KH�HQHUJ\�UHVROXWLRQ�RI�WKH�66'�ZDV�∼���NH9��+RZHYHU��WKH�H[SHULPHQWDO�UHVXOW�ZDV
EOXUUHG� E\� WKH� HQHUJ\� VWUDJJOLQJ�� ZKLFK� DPRXQWV� WR� ∼�� 0H9�� 0RUHRYHU�� WKHUH� LV� D
SRVVLELOLW\� RI�5&(� QRW� RQO\� DW� WKH� WXUQLQJ� SRLQW� EXW� DOVR� DW� RWKHU� SRVLWLRQV� DORQJ� WKH
WUDMHFWRU\�� DQG� WKLV� IDFW� DOVR� REVFXUHG� WKH� H[SHULPHQWDO� UHVXOWV�� $V� D� UHVXOW�� QR� GLS
EHWZHHQ�/HYHO���DQG���ZDV�REVHUYHG�
� � � � )LJ����E�LV�WKH��N�O�� �������UHVRQDQFH�SURILOH�IRU�D�FU\VWDO�ZLWK�D�WKLFNQHVV�RI����µP�
,Q� WKLV� FDVH�� WKH� IUDFWLRQ� RI� LRQL]HG� $U���� DIWHU� WUDQVPLVVLRQ� WKURXJK� WKH� FU\VWDO� ZDV
UHGXFHG�WR�∼���SHUFHQW�IRU�RII�UHVRQDQFH��ZKLOH�WKH�IUDFWLRQ�IRU�WKLFNHU������µP�FU\VWDO
ZDV�∼���SHUFHQW��8QGHU�WKH�5&(�FRQGLWLRQ��WKH�IUDFWLRQ�LQFUHDVHG�WR�∼���SHUFHQW��7KH
SURILOH�VKRZV�WZR�SHDNV�DQG�WKH�GRXEOHW�VWUXFWXUH�RI�WKH�OHIW�SHDN��ZKLFK�DUH�WKH�VDPH
IHDWXUHV� DV� WKRVH� IRU� �����µP� FU\VWDO� �)LJ����D��� +RZHYHU�� WKH� GRXEOHW� VWUXFWXUH� ZDV
PRUH�FOHDUO\�REVHUYHG� FRPSDUHG�ZLWK� WKH� WKLFNHU� FDVH��7KLV� UHVXOW� LV� H[SODLQHG� LQ� WKH
IROORZLQJ�ZD\��)URP�WKH�HOHFWURQ�LPSDFW�LRQL]DWLRQ�FURVV�VHFWLRQ�>��@�DQG�WKH�FDOFXODWHG
WDUJHW� HOHFWURQ� DQG� QXFOHDU�GHQVLWLHV� DYHUDJHG� DORQJ� WKH� LRQ� WUDMHFWRU\�� WKH�PHDQ�IUHH�
SDWK�IRU��S�LRQL]DWLRQ��λL��S��� IRU�FKDQQHOHG�LRQV�ZLWK� WKH�ODUJH�RVFLOODWLRQ�DPSOLWXGH�� 
�����c�� LV� HVWLPDWHG� WR� EH�∼����µP��7KHUHIRUH�� RQFH� WKH\� DUH� H[FLWHG�� WKH\� DUH� HDVLO\
LRQL]HG��2Q�WKH�RWKHU�KDQG��WKH�YDOXH�RI�λL��S��IRU�WKH�EHVW�FKDQQHOHG�LRQV�LV�HVWLPDWHG�WR
EH�a���µP��DQG�WKH\�PRVWO\�PDLQWDLQ�WKH�LQFLGHQW�FKDUJH�VWDWH�DIWHU�SDVVLQJ�WKURXJK�WKH
��� µP� FU\VWDO� HYHQ� LI� WKH\� DUH� H[FLWHG�� :H� FDQ� XQGHUVWDQG� IURP� )LJ������ WKDW� WKH
FKDQQHOHG�LRQV�ZLWK�WKH�ODUJH�RVFLOODWLRQ�DPSOLWXGH�H[FLWHG�WR�/HYHO���DQG���FRUUHVSRQG
WR�WKH�OHIW�DQG�ULJKW�SHDNV�RI�WKH�GRXEOHW�VWUXFWXUH��DQG�WKH�EHVW�FKDQQHOHG�LRQV�H[FLWHG�WR
/HYHO���DQG���FRUUHVSRQG�WR�WKH�GLS��7KHUHIRUH�� WKH�FOHDU�GRXEOHW�VWUXFWXUH� LQ�)LJ����E
ZDV�IRUPHG��+RZHYHU��LQ�WKH�FDVH�RI�WKH������µP�FU\VWDO��ZKLFK�LV�WKLFNHU�WKDQ�λL��S��IRU
WKH� EHVW� FKDQQHOHG� LRQV�� H[FLWHG� LRQV� DUH� HYHQWXDOO\� LRQL]HG��$V� D� UHVXOW�� WKH� GLS�ZDV
ILOOHG�XS��DQG�WKH�GRXEOHW�VWUXFWXUH�ZDV�QRW�FOHDUO\�REVHUYHG�
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)LJ�����'HWDLOHG�UHVRQDQFH�SURILOH�RI��N�O�� �������IRU� ����� �SODQDU�FKDQQHOLQJ�LQ��D�

�����µP�6L�DQG��E�����µP�6L��/RZHU�VFDOH�LV�WKH�WLOW�DQJOH�IURP�>���@�D[LV��DQG�XSSHU
VFDOH� LV� WKH� WUDQVLWLRQ� HQHUJ\� FRUUHVSRQGLQJ� WR� WKH� WLOW� DQJOH��'DVKHG� OLQHV� LQGLFDWH
WKH�UHVRQDQFH�FRQGLWLRQV�IRU��V��S�WUDQVLWLRQV��-� �����DQG�- ������RI�K\GURJHQ�OLNH
$U�LQ�YDFXXP�
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� � � � � � � � � � � � � � � � � � � � � � �

)LJ�����&RQWRXU�PDS�RI�IUDFWLRQ�RI�VXUYLYHG�$U����LRQV�ZLWK������µP�6L�DV�D�IXQFWLRQ�RI
WKH�WLOW�DQJOH�DQG�WKH�HQHUJ\�GHSRVLWLRQ��8SSHU�DQG�OHIW�VFDOHV�DUH�WKH�WUDQVLWLRQ�HQHUJ\
DQG�WKH�RVFLOODWLRQ�DPSOLWXGH�FRUUHVSRQGLQJ�WR�WKH�WLOW�DQJOH�DQG�WKH�HQHUJ\�GHSRVLWLRQ�
UHVSHFWLYHO\�
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������ 3RVVLEOH�DSSOLFDWLRQ�WR�KLJK�SUHFLVLRQ�DWRPLF�VSHFWURVFRS\
� � � � )LJ������LV�D�VOLFHG�VHFWLRQ�RI�WKH�FRQWRXU�PDS�LQ�)LJ�����LQ�WKH�UDQJH�IURP������WR
�����0H9�� ZKLFK� FRUUHVSRQGV� WR� WKH� FKDQQHOHG� LRQV� QHDU� WKH� FKDQQHO� FHQWHU�� $W� WKH
FKDQQHO�FHQWHU�� WKH�FU\VWDO�VWDWLF� ILHOG�KDV� OLWWOH�HIIHFW��DQG� WKH�VSOLWWLQJ� LQWR� WZR�SHDNV
GRPLQDQWO\�RULJLQDWHG�IURP�WKH�VSLQ�RUELW�LQWHUDFWLRQ��2EVHUYHG�ZLGWK��+:+0��RI�WKH
-� �����SHDN� LV������H9��7KH�EHDP�DQJXODU�GLYHUJHQFH� �∆θ� ������PUDG��DIIHFW� WR� WKH
SHDN�ZLGWK��ZKLFK�FRUUHVSRQGV� WR� WKH� IOXFWXDWLRQV�RI� WKH� WUDQVLWLRQ�HQHUJ\�RI������H9�
7KH�IOXFWXDWLRQ�RI�WKH�LQFLGHQW�LRQ�HQHUJ\��∆(

�
�(

�
� ��×��¤���DOVR�DIIHFW�WR�WKH�SHDN��,Q

WKLV�H[SHULPHQW��WKH�EHDP�ZDV�FROOLPDWHG�E\�WKH���PPφ�LURQ�FROOLPDWRU��DQG�WKH�HQHUJ\
IOXFWXDWLRQ�PD\�EH�VXSSUHVVHG��ZKLFK�LV�HVWLPDWHG�WR�EH�∆(

�
�(

�
� ��∆S

�
�S

�
�∼��∆θ� ����

×��¤��� 7KLV� IOXFWXDWLRQ� FRUUHVSRQGV� WR� WKH� SHDN� ZLGWK� �IOXFWXDWLRQ� RI� WKH� WUDQVLWLRQ
HQHUJ\�� RI� ����� H9�� 7KH� WRWDO� IOXFWXDWLRQ� RI� WKH� WUDQVLWLRQ� HQHUJ\� DPRXQWV� WR

��
������������ + � ������H9��7KH�HQHUJ\�ORVV�RI�WKH�EHVW�FKDQQHOHG�LRQ�LQ������µP�6L

FU\VWDO�LV�∼��0H9��ZKLFK�FRUUHVSRQGV�WR�∼����H9�VKLIW�RI�WKH�WUDQVLWLRQ�HQHUJ\��+RZHYHU�
D�KDOI�RI�WKH�LRQ�SDWK�OHQJWK�SHU�5DEL�RVFLOODWLRQ��λ

5
����IRU�WKH�EHVW�FKDQQHOHG�LRQ�LV����

µP��L�H���WKH�5&(�RFFXUV�PRVWO\�QHDU�WKH�HQWUDQFH�VXUIDFH�RI�WKH�FU\VWDO��$FFRUGLQJO\��DQ
HIIHFWLYH�HQHUJ\�ORVV� LQ�����µP�WKLFNQHVV�DIIHFWLQJ�WKH�UHVROXWLRQ�LV�UHGXFHG�WR�∼�����
H9��ZKLFK�LV�PXFK�VPDOOHU�WKDQ�WKH�DERYH�IOXFWXDWLRQ��7KHUHIRUH��WKH�UHVRQDQFH�ZLGWK�LV
HVWLPDWHG� WR� EH� ∼ ��

������������ − �  � ����� H9�� ZKLFK� LV� ���� ×��¤�� RI� WKH� WUDQVLWLRQ

HQHUJ\��7KH�UHODWLYH�UHVRQDQFH�ZLGWK��δ(�(
WUDQV

��LV�JLYHQ�E\

WUDQV(

(δ
�∼�

WUDQV(

WK
� �

WUDQV(

QGKY
�∼���Q�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �����

� � � � � � � � � � � � ����� � � � � � � � ������ � � � � � � � ����� � � � � � � � �����
�

� � � � � � � � � � � � � ���� � � � � � � ���� � � � � � � ���� � � � � � � ���� � � � � � � ���� � � � � � � �

)LJ������,RQL]HG�IUDFWLRQ�WKURXJK�5&(�SURFHVV�LQ�WKH�VOLFHG�VHFWLRQ�DW�HQHUJ\�UDQJH
IURP������WR������0H9�
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ZKHUH� W� LV� WKH�SHUWXUEDWLRQ�WLPH��G� LV� WKH�GLVWDQFH�EHWZHHQ�DWRPLF�VWULQJV��DQG�Q� LV� WKH
QXPEHU�RI�WKH�VWULQJV�ZKLFK�WKH�LRQ�WUDYHUVHV�LQ�WKH�WLPH�W��$FFRUGLQJO\��WR�DFKLHYH�WKH
UHODWLYH�ZLGWK��δ(�(

WUDQV
�∼��×��¤���Q� VKRXOG�EH�∼��×����� L�H��� WKH�FRKHUHQW� OHQJWK�RI� WKH

5&(�IRU�WKH�EHVW�FKDQQHOHG�LRQV�DPRXQWV�WR�∼��×���G��ZKLFK�LV�RI�WKH�RUGHU�RI�µP�
� � � � )LJ������VKRZV�WKH�-� �����SHDN�LQ�)LJ������ILWWHG�E\�WKH�*DXVVLDQ�VKDSH��)URP�WKH
ILWWLQJ��WKH�SHDN�SRVLWLRQ�LV�GHWHUPLQHG�ZLWKLQ�DQ�DFFXUDF\�RI������H9��7KH�GHWHUPLQHG
SHDN�SRVLWLRQ�FRUUHVSRQGV�WR�WKH�DYHUDJH�RI�VKLIWHG�HQHUJLHV�������H9��IRU�WUDQVLWLRQ�WR
/HYHO���DQG����EHFDXVH�WKH�-� �����VWDWH�LV�VSOLW��VKLIWLQJ�E\������H9��/HYHO����DQG�����
H9��/HYHO���WR�ORZHU�HQHUJ\�VLGH�WKH�GXH�WR�WKH�ZDNH�ILHOG�DQG�WKH�VHFRQG�RUGHU�FU\VWDO
ILHOG��,I�ERWK�WUDQVLWLRQ�HQHUJLHV�IURP��V�WR��S�DQG��V�WR��S�DUH�PHDVXUHG�LQ�WKH�DFFXUDF\
RI������ H9� IRU� LRQV�ZLWK� WKH� VDPH�HQHUJ\�� WKH� DEVROXWH� LRQ� HQHUJ\� FDQ�EH�GHWHUPLQHG
ZLWKLQ�WKH�SUHFLVLRQ�RI���×��¤���7KH�DFFXUDF\�RI������H9�PHDQV�WKDW�WKH�/DPE�VKLIW�RI
K\GURJHQ�OLNH�$U�������H9��FDQ�EH�GHWHUPLQHG�LQ�WKH�SUHFLVLRQ�RI�����SHUFHQW��ZKLFK�LV
RI� WKH� VDPH� RUGHU� RI� ���� SHUFHQW� LQ� WKH� ODWHVW� PHDVXUHPHQW� >��@�� 7KHUHIRUH�� WKLV
PHDVXUHPHQW�KDV�D�SRVVLELOLW\�WR�EHFRPH�D�QHZ�PHWKRG�RI�DWRPLF�VSHFWURVFRS\�ZLWK�D
KLJK�SUHFLVLRQ�

)LJ������5HVRQDQFH�SHDN�IRU�-� �����LQ�)LJ������ZLWK�WKH�ILWWLQJ�OLQH�E\�WKH�*DXVVLDQ
VKDSH�
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���� 0HDVXUHPHQW�RI�FRQYR\�HOHFWURQ
� � � � 0RPHQWXP� VSHFWUD� RI� FRQYR\� HOHFWURQV�ZHUH� REWDLQHG� E\� WKH�PHDVXUHPHQW�ZLWK
WKH� PDJQHWLF� DQDO\]HU�� DQG� ZHUH� WUDQVIRUPHG� WR� HQHUJ\� VSHFWUD� WKURXJK� WKH� UHODWLRQV
EHWZHHQ�WKH�GLIIHUHQWLDO�FURVV�VHFWLRQV�
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)LJ�����D� LV� D� W\SLFDO� HQHUJ\� VSHFWUXP�RI� FRQYR\�HOHFWURQV� IRU�����µJ�FP�� ������µP�
DPRUSKRXV�&�WDUJHW��(QHUJ\�RI�WKH�FRQYR\�HOHFWURQ�LV�FDOFXODWHG�WR�EH�����NH9�IURP�WKH
SURMHFWLOH�YHORFLW\��%HFDXVH�WKH�HQHUJ\�ORVV�RI�WKH�FRQYR\�HOHFWURQ�LQ�WKH�WDUJHW�LV�TXLWH
VPDOO� �∼�� NH9��� WKH� PHDVXUHG� SHDN� HQHUJ\� RI� WKH� FRQYR\� HOHFWURQ� DJUHHV� ZLWK� WKH
FDOFXODWLRQ��DQG�WKH�FRQYR\�HOHFWURQV�IRUP�D�¦FXVS§�VKDSH�LQ�WKH�HQHUJ\�VSHFWUXP�
� � � � )LJ�����E�VKRZV�VSHFWUD�RI�FRQYR\�HOHFWURQV�SURGXFHG�ZLWK�D����µP�6L�FU\VWDO�IRU
���UDQGRP�LQFLGHQW�LRQV����� ����� �SODQDU�FKDQQHOHG�LRQV��RII�UHVRQDQFH���DQG���� �����

SODQDU�FKDQQHOHG�LRQV�XQGHU� WKH�5&(�FRQGLWLRQ��θ� �����°��� ,Q�WKH�6L�FDVH�� WKH�HQHUJ\
ORVV�RI� WKH�FRQYR\�HOHFWURQ� LV� VLJQLILFDQW��7KH�SHDN�SRVLWLRQ�ZDV���NH9�VKLIWHG� WR� WKH
ORZHU�HQHUJ\�VLGH��DQG�WKH�VSHFWUXP�EHFDPH�EURDGHU�GXH�WR�WKH�PXOWLSOH�VFDWWHULQJ��7KH
HQHUJ\�ORVV�RI�WKH�LQFLGHQW�LRQ�LV�DW�PRVW�������SHUFHQW�HYHQ�IRU�UDQGRP�FDVH��ZKLFK�FDQ
EH� QHJOHFWHG� FRPSDUHG� ZLWK� WKDW� RI� WKH� FRQYR\� HOHFWURQ�� &DOFXODWHG� HQHUJ\� ORVV� RI
HOHFWURQ�ZLWK�WKH�HQHUJ\�RI�����NH9�LV�∼���NH9��&RQVLGHULQJ�WKH�LRQL]DWLRQ�PHDQ�IUHH�
SDWK������µP���HIIHFWLYH�WKLFNQHVV�LV�UHGXFHG�WR�∼���µP��DQG�WKH�HQHUJ\�ORVV�RI�HOHFWURQ
EHFRPHV�WR�∼����NH9��7KHUHIRUH��WKH�H[SHULPHQWDO�SHDN�VKLIW�RI���NH9�LV�UHDVRQDEOH��$
SHDN� VKLIW� RI� WKH� VSHFWUXP� IRU� FKDQQHOHG� LRQV� �RII�UHVRQDQFH�� ZDV� �� NH9�� ZKLFK� LV
VPDOOHU� WKDQ� WKDW� RI� WKH� UDQGRP�FDVH��7KH� �� NH9�HQHUJ\� ORVV� FRUUHVSRQGV� WR� WKH� SDWK
OHQJWK�RI�∼���µP�IRU� IUHH�HOHFWURQ�� L�H��� LQFLGHQW�$U���� LRQV�ZHUH�LRQL]HG�DIWHU�∼���µP
SDWK��+RZHYHU�� WKH� LRQL]DWLRQ�PHDQ�IUHH�SDWK� RI� FKDQQHOHG�$U���� LRQV� LV� HVWLPDWHG� WR
∼���µP� IURP� WKH� H[SHULPHQWDO� UHVXOW� RI� VXUYLYHG�$U���� IUDFWLRQ� XQGHU� WKH� FKDQQHOLQJ
FRQGLWLRQ��7KH� UHVXOW� LQGLFDWHV�PRVW� RI� WKH�$U���� LRQV� NHHS� WKHLU� LQFLGHQW� FKDUJH� VWDWH
DIWHU�∼���µP�SDWK��7KLV�LQFRQVLVWHQF\�LV�SRVVLEO\�H[SODLQHG�E\�WKH�HOHFWURQ�GLIIUDFWLRQ
HIIHFW�� 7KH� DERYH� GLVFXVVLRQ� DERXW� WKH� HQHUJ\� ORVV� LV� IRU� UDQGRP� LQFLGHQW� HOHFWURQ�
:KHQ�WKH�FRQYR\�HOHFWURQV�WUDYHO�DORQJ�WKH�FKDQQHO�SODQH��WKH���NH9�HQHUJ\�ORVV�FDQ�EH
DWWULEXWHG� WR� WKH� DEQRUPDO� DEVRUSWLRQ� GXH� WR� WKH� HOHFWURQ� GLIIUDFWLRQ� �VHH� DSSHQGL[���
EHFDXVH� WKH�QXPEHU�RI� WKH�TXDQWXP�VWDWH��QS�� JLYHQ�E\�(T��$����� LV�a���� IRU�����NH9
HOHFWURQ��8QGHU�WKH�5&(�FRQGLWLRQ��WKH�VKLIW�RI�WKH�VSHFWUXP�LQFUHDVHG�WR���NH9��EHFDXVH
WKH� LRQL]DWLRQ� PHDQ�IUHH�SDWK� RI� ∼��� µP� HVWLPDWHG� IURP� WKH� H[SHULPHQWDO� UHVXOW� LV
VPDOOHU�WKDQ�WKDW�IRU�RII�UHVRQDQFH��6LPLODU�WR�WKH�RII�UHVRQDQFH�FDVH��WKH���NH9�HQHUJ\
ORVV� FRUUHVSRQGLQJ� WR� WKH�∼���µP�SDWK� IRU� UDQGRP�HOHFWURQ�PD\� FRQWDLQ� WKH� HOHFWURQ
GLIIUDFWLRQ�HIIHFW��7KH�LQWHQVLW\�RI�FRQYR\�HOHFWURQV�LQFUHDVHG��DQG�WKH�VSHFWUXP�EHFDPH
VKDUSHU��):+0�∼���NH9��FRPSDUHG�ZLWK�WKH�RII�UHVRQDQFH�FDVH��∼���NH9���7KLV�UHVXOW
DJUHHV�ZLWK� WKH� WKHRUHWLFDO�SUHGLFWLRQ� LQ�5HI�>��@� WKDW� WKH�ZLGWK�RI� WKH� FXVS� VKDSH� IRU
FRQYR\� HOHFWURQV� IURP� �V� RU� �S�� VWDWH� LV� QDUURZHU� WKDQ� WKDW� IURP� WKH� JURXQG� VWDWH�
EHFDXVH�WKH�LRQL]DWLRQ�IURP�Q� ���VWDWHV�LQFUHDVHV�XQGHU�WKH�5&(�FRQGLWLRQ�
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)LJ������(QHUJ\�VSHFWUD�RI�FRQYR\�HOHFWURQV�ZLWK��D��&�IRLO������µJ�FP���DQG��E��6L
FU\VWDO� ���� µP�� IRU� UDQGRP� LQFLGHQFH�� FKDQQHOLQJ� �RII�UHVRQDQFH�� DQG� 5&(
FRQGLWLRQ� �θ�  � ����°��� 7KH� DUURZ� LQGLFDWHV� WKH� HQHUJ\� RI� HOHFWURQ� ZLWK� WKH� VDPH
YHORFLW\�DV�WKH�SURMHFWLOH�
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� � � � 7KH�LQWHQVLW\�RI�FRQYR\�HOHFWURQV�DW�WKH�SHDN�SRVLWLRQ�IRU�WKH�5&(�FRQGLWLRQ��θ� 
�����°��ZDV�SORWWHG�DV�D�IXQFWLRQ�RI�WKH�WLOW�DQJOH�LQ�)LJ�������7KH�SURILOH�KDV�WZR�SHDN
VWUXFWXUH�VLPLODU�WR�WKH�FKDUJH�VWDWH�SURILOH��7KH�LQWHQVLW\�RI�FRQYR\�HOHFWURQV�XQGHU�WKH
5&(�FRQGLWLRQ� LV� WZR� WLPHV� ODUJHU� WKDQ� WKDW� IRU�RII�UHVRQDQFH��6XFK�D�FOHDU� UHVRQDQFH
SURILOH�IRU�FRQYR\�HOHFWURQV�KDV�QHYHU�EHHQ�REVHUYHG�LQ�WKH�SUHYLRXV�H[SHULPHQWV�ZLWK
ORZHU�HQHUJ\�LRQV�>��@��7KHUH�LV�D�GLIIHUHQFH�DW�WKH�GRXEOHW�VWUXFWXUH�RI�WKH�-� �����SHDN�
θ�∼����°�DQG�∼����°��FRUUHVSRQGLQJ�WR�/HYHO���DQG����7KH�ULJKW�SHDN�RI�WKH�GRXEOHW��θ
∼����°��LQ�WKH�FKDUJH�VWDWH�SURILOH�YDQLVKHG�LQ�WKH�FRQYR\�HOHFWURQ�SURILOH��7KH�VKDSH�RI
WKH� VSHFWUXP� IRU� FRQYR\� HOHFWURQV� GHSHQGV� RQ� WKH� LQLWLDO� VWDWH� RI� WKH� ORVV� �FRQYR\�
HOHFWURQ��7KH�FKDUDFWHULVWLFV�RI�UHVRQDQFH�SURILOH�IRU�FRQYR\�HOHFWURQV�FDQ�EH�DWWULEXWHG
WR�WKH�FRPSRVLWLRQ�RI�WKH�LQLWLDO�VWDWHV��L�H���Q� ���VWDWHV��XQGHU�WKH�FKDQQHOLQJ�FRQGLWLRQ�
$FFRUGLQJ�WR�WKH�WKHRUHWLFDO�SUHGLFWLRQ��WKH�FRQYR\�HOHFWURQV�IURP��S

�
�VWDWH���S

]
�VWDWH�LQ

WKH� SUHVHQW� SDSHU�� IRUP� DQ� ¦DQWL�FXVS§� VKDSH� LQ� WKH� HQHUJ\� VSHFWUXP�� 7KH� �S
]

FRPSRQHQW� LQ� /HYHO� �� LV� PXFK� ODUJHU� WKDQ� WKDW� LQ� /HYHO� �� HVSHFLDOO\� IRU� WKH� ODUJH
GLVWDQFH� IURP� WKH� FKDQQHO� FHQWHU� �VHH� )LJ�������� 7KH� HQHUJ\� VSHFWUXP� RI� FRQYR\
HOHFWURQV� IURP� /HYHO� �� LV� FRQVLGHUHG� WR� EH� EURDGHU�� DQG� KDV� D� ORZHU� SHDN� KHLJKW
FRPSDUHG�ZLWK�WKDW�RI�FRQYR\�HOHFWURQV�IURP�/HYHO����$V�D�UHVXOW��WKH�KHLJKW�RI�WKH�ULJKW
SHDN��θ�∼����°��EHFRPHV�ORZHU�FRPSDUHG�ZLWK�WKH�OHIW�SHDN��θ�∼����°��

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � -� ����� � � � � � -� ����

)LJ������ ,QWHQVLW\�RI�FRQYR\�HOHFWURQ� IRU����µP�6L�FU\VWDO� DV�D� IXQFWLRQ�RI� WKH� WLOW
DQJOH�IURP�>���@�D[LV��$UURZV�LQGLFDWH�Q� ���VWDWHV��-� �����DQG������LQ�YDFXXP�
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���� 0HDVXUHPHQW�RI�GH�H[FLWDWLRQ�;�UD\V

������ ;�UD\�HQHUJ\�VSHFWUD
� � � � ;�UD\�HQHUJ\�VSHFWUD� IRU� UDQGRP�LQFLGHQFH��FKDQQHOLQJ��RII�UHVRQDQFH���DQG�5&(
FRQGLWLRQ��θ� �����°��DUH�VKRZQ�LQ�)LJ�������7KH�WKLFNQHVV�RI�WKH�DGRSWHG�6L�FU\VWDO�ZDV
���µP��6L�.�;�UD\V�DUH�VHHQ�DV�D�SHDN�DURXQG�����NH9��'H�H[FLWDWLRQ�;�UD\V�IURP�$U
LRQV� DUH�'RSSOHU� VKLIWHG� IURP� ���� NH9� WR� ���� NH9�� 7KH� GHWHFWLRQ� DQJOH� RI� ��°� LQ� WKH
ODERUDWRU\�IUDPH�FRUUHVSRQGV�WR�����°�LQ�WKH�SURMHFWLOH�IUDPH��L�H���WKH�REVHUYHG�;�UD\V
ZHUH�HPLWWHG�WR�WKH�GLUHFWLRQ�DOPRVW�SHUSHQGLFXODU�WR�WKH�EHDP�GLUHFWLRQ��$OWKRXJK��V�
�S�H[FLWDWLRQ�SUREDELOLW\�IRU�FKDQQHOLQJ�FDVH�LV�VPDOOHU��WKH�LQWHQVLW\�RI�GH�H[FLWDWLRQ�;�
UD\V� EHFRPHV� ODUJHU� FRPSDUHG� ZLWK� WKH� UDQGRP� LQFLGHQFH�� EHFDXVH� WKH� �S�LRQL]DWLRQ
SUREDELOLW\�RI�FKDQQHOHG�LRQV�LV�PXFK�VPDOOHU��DQG�FRQVHTXHQWO\��H[FLWHG�LRQV�XQGHU�WKH
FKDQQHOLQJ� FRQGLWLRQ� GHFD\� PRUH� YLD� WKH� ;�UD\� HPLVVLRQ� FRPSDUHG� ZLWK� WKH� UDQGRP
LQFLGHQFH��8QGHU�WKH�5&(�FRQGLWLRQ��WKH�FRKHUHQW�H[FLWDWLRQ�SURFHVV�EHFRPHV�GRPLQDQW�
DQG�WKH�LQWHQVLW\�RI�WKH�GH�H[FLWDWLRQ�;�UD\V�LV�IXUWKHU�HQKDQFHG�

)LJ������ ;�UD\� HQHUJ\� VSHFWUD� IRU� �D�� UDQGRP� LQFLGHQFH�� �E�� FKDQQHOLQJ� �RII�
UHVRQDQFH��DQG��F��5&(�FRQGLWLRQ��θ� �����°��



��

������ 5&(�SURILOH�IRU�GH�H[FLWDWLRQ�;�UD\V
� � � ,QWHQVLWLHV�RI�GH�H[FLWDWLRQ�;�UD\V�PHDVXUHG�E\�WKH�6L�/L��GHWHFWRUV��+��DQG��9��DUH
SORWWHG�DV�IXQFWLRQV�RI�WKH�WLOW�DQJOH�IURP�>���@�D[LV�LQ�)LJ�������&ORVHG�DQG�RSHQ�FLUFOHV
DUH� WKH�GDWD� IRU� WKH�GHWHFWRUV� �+�� DQG� �9��� UHVSHFWLYHO\��7KH� ULJKW� VFDOH�RI�RUGLQDWH� LQ
)LJ������ LV� WKH� QXPEHU� RI� ;�UD\V� SHU� LQFLGHQW� LRQ� HVWLPDWHG� ZLWK� DQ� DVVXPSWLRQ� RI
LVRWURSLF�;�UD\�HPLVVLRQ��7KH�;�UD\�UHVRQDQFH�SURILOH�VKRZV�����WZR�SHDN�VWUXFWXUH��-� 
���� DQG� -�  � ����� VLPLODU� WR� WKH� UHVRQDQFH� SURILOHV� IRU� WKH� FKDUJH� VWDWH� DQG� FRQYR\
HOHFWURQV������PXFK�ORZHU�KHLJKW�RI�WKH�-� �����SHDN�FRPSDUHG�ZLWK�WKH�-� �����SHDN�����
GLVDSSHDUDQFH�RI�WKH�GRXEOHW�VWUXFWXUH�LQ�WKH�-� �����SHDN��ZKLFK�ZDV�FOHDUO\�VHHQ�LQ�WKH
FKDUJH�VWDWH�SURILOH��)LJ����E���DQG�����QR�DQLVRWURS\�RI�WKH�;�UD\�HPLVVLRQ�
� � � � 7KH�IHDWXUH�����LV�GXH�WR�WKH�OHYHO�VSOLWWLQJ�E\�VSLQ�RUELW�LQWHUDFWLRQ�DV�GLVFXVVHG�LQ
6HF��������7KH�IHDWXUH�����FDQ�EH�H[SODLQHG�DV�D�GRPLQDQFH�RI��V�FRPSRQHQW�LQ�/HYHO��
DQG���DV�VKRZQ�LQ�)LJ������� ,RQV�H[FLWHG�WR��V�VWDWH��ZKLFK�KDV�D� ORQJ�OLIHWLPH��KDUGO\
GHFD\�ZLWK�WKH�;�UD\�HPLVVLRQ�EHFDXVH�RI�WKH�PXFK�ODUJHU�SUREDELOLW\�RI��V�LRQL]DWLRQ�
7KLV� IDFW� UHVXOWV� LQ� WKH� VXSSUHVVLRQ�RI� WKH�-�  ����SHDN��2Q� WKH�RWKHU�KDQG���V� VWDWH� LQ
/HYHO���DQG��� LV�D�PLQRU�FRPSRQHQW��$FFRUGLQJO\�� WKH�-� �����SHDN� FRUUHVSRQGLQJ� WR
/HYHO���DQG���LV�VPDOOHU�WKDQ�WKH�-� �����SHDN�FRUUHVSRQGLQJ�WR�/HYHO���DQG���
� � � � 7R�GLVFXVV�WKH�IHDWXUH������VHYHUDO�PHDQ�IUHH�SDWKV�DUH�OLVWHG�LQ�7DEOH���DQG�D�URXJK
VNHWFK� RI� SUREDELOLWLHV� DV� D� IXQFWLRQ� RI� WKH� GLVWDQFH� IURP� FKDQQHO� FHQWHU� LV� VKRZQ� LQ
)LJ�������$�IROORZLQJ�GLVFXVVLRQ�LV�DERXW�LRQL]DWLRQ�RU�GH�H[FLWDWLRQ�RQO\�IURP��S�VWDWH�
$FWXDOO\�� Q�  � �� VWDWHV� FRQWDLQ� �V� FRPSRQHQW�� EXW�� WKH� GLIIHUHQFH� RI� WKH� LRQL]DWLRQ
SUREDELOLW\� EHWZHHQ� �V� DQG� �S� VWDWHV� LV� QRW� VR� VLJQLILFDQW�� DQG� WKH� UDGLDWLYH� OLIHWLPH
EHFRPHV� DW� PRVW� �� WLPHV� ORQJHU�� ZKHQ� WKH� IUDFWLRQ� RI� �V� FRPSRQHQW� LV� ��� SHUFHQW�
7KHUHIRUH�� WKH� GLVFXVVLRQ� ZLWK� PHDQ�IUHH�SDWKV� IRU� �S�LRQL]DWLRQ�� λL��S��� DQG� IRU� GH�
H[FLWDWLRQ�� λ[�S��� LV� UHDVRQDEOH�� 9DOXHV� RI� λL��S�� IRU� WKH� EHVW� FKDQQHOHG� LRQ� DQG� WKH
FKDQQHOHG� LRQV� ZLWK� WKH� RVFLOODWLRQ� DPSOLWXGH� RI� ����� c� DUH� ∼��� DQG� ∼���� µP�
UHVSHFWLYHO\��7KH�YDOXH�RI�λ[��S�� LV�∼����µP�>��@��,W�LV�QRWHG�WKDW�λ[�S�� LV�LQGHSHQGHQW�RI
WKH� GLVWDQFH� IURP� WKH� FKDQQHO� FHQWHU�� )RU� FKDQQHOHG� LRQV� ZLWK� WKH� ODUJH� RVFLOODWLRQ
DPSOLWXGH��λL��S��LV�VKRUWHU�WKDQ�λ[��S���L�H���WKHVH�LRQV�KDYH�D�VPDOO�SUREDELOLW\�RI�UDGLDWLYH
GHFD\��DOWKRXJK� WKH�5&(�SUREDELOLW\� LQFUHDVHV�DV� WKH�GLVWDQFH�IURP�WKH�FKDQQHO�FHQWHU
LQFUHDVHV��2Q� WKH�RWKHU�KDQG��λL��S�� IRU�FKDQQHOHG�LRQV�QHDU� WKH�FKDQQHO�FHQWHU� LV�PXFK
ORQJHU� WKDQ� λ[��S��� DQG� H[FLWHG� LRQV� PRVWO\� GHFD\� ZLWK� WKH� ;�UD\� HPLVVLRQ�� 7KH� EHVW
FKDQQHOHG�LRQV�H[FLWHG�WR�/HYHO���RU���FRUUHVSRQG�WR�WKH�GLS�SRVLWLRQ�RI�WKH�FKDUJH�VWDWH
SURILOH��WLOW�DQJOH�θ�∼�����°���%HFDXVH�RI�WKH�GRPLQDQFH�RI�WKH�;�UD\�HPLVVLRQ�IURP�WKH
LRQV�QHDU�WKH�FKDQQHO�FHQWHU��WKH�GLS�ZDV�QRW�IRUPHG�LQ�WKH�;�UD\�SURILOH�
� � � � 7KH�IHDWXUH�����FDQ�EH�TXDOLWDWLYHO\�H[SODLQHG�DV�IROORZV��$FFRUGLQJ�WR� WKH�DERYH
GLVFXVVLRQ�� WKH� FKDQQHOHG� LRQV�QHDU� WKH� FKDQQHO� FHQWHU�PDLQO\� FRQWULEXWH� WR� WKH�;�UD\
SURILOH��$V�VKRZQ�LQ�)LJ�������WKH�UDWLR�RI��S[���S\�DQG��S]�FRPSRQHQWV�LQ�/HYHO���DQG��
LV�DOPRVW�����������IRU�LRQV�QHDU�WKH�FKDQQHO�FHQWHU��$V�IRU�/HYHO���DQG����WKH�UDWLR�RI��S[�
�S\�DQG��S]�FRPSRQHQWV�LV�QRW�����������IRU�HDFK�OHYHO��+RZHYHU��WKH�HQHUJ\�GLIIHUHQFH
EHWZHHQ�/HYHO���DQG���LV�VR�VPDOO�QHDU�WKH�FKDQQHO�FHQWHU��VHH�)LJ�������WKDW�ERWK�/HYHO
��DQG���DUH�SDUWLDOO\�RQ�UHVRQDQFH�DQG�WKH�;�UD\V�IRUP�/HYHO���DQG���DUH�PL[HG�LQ�WKH
ULJKW� SHDN�� 7KH� UDWLR� RI� �S[�/HYHO� ����S[�/HYHO� ���� �S\�/HYHO� ����S\�/HYHO� ��� DQG
�S]�/HYHO�����S]�/HYHO����FRPSRQHQWV�EHFRPHV�∼�����������0RUHRYHU��WKH�SUREDELOLWLHV
RI�5&(�WR�HDFK�OHYHO�FDQ�EH�UHJDUGHG�WR�EH�DOPRVW�HTXDO�ZLWK�HDFK�RWKHU��$V�D�UHVXOW��WKH
DQLVRWURS\�RI�GH�H[FLWDWLRQ�;�UD\V�IURP�/HYHO����/HYHO���DQG�-� �����VWDWH��/HYHO����
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'HWHFWRU��9�

/HYHO����ZDV�DOVR�QRW�REVHUYHG�
� � � � $VVXPLQJ�WKDW� WKH�GLVWULEXWLRQ�RI� WKH�;�UD\�HPLVVLRQ� LV� LVRWURSLF� LQ� WKH�SURMHFWLOH
IUDPH�� WKH� QXPEHU� RI� UDGLDWLYH� GHFD\V� SHU� LQFLGHQW� LRQ� LV� HVWLPDWHG� WR� EH�∼���� DW� WKH
ULJKW�SHDN��θ� ������°��IURP�FRQVLGHUDWLRQ�RI�WKH�JHRPHWULFDO�HIILFLHQF\�RI�WKH�GHWHFWRU�
7KH�$U����IUDFWLRQ�GXH�WR�5&(�LQFUHDVHG�E\����SHUFHQW��IURP����WR����SHUFHQW��DV�VKRZQ
LQ� )LJ����E�� ,W� PHDQV� WKDW� WKH� HYHQW� QXPEHUV� RI� ;�UD\� HPLVVLRQ� DQG� LRQL]DWLRQ� DUH
FRPSDUDEOH�LQ�WKLV�FDVH�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ����

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � -� ����� � � � � -� ����

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

)LJ������,QWHQVLW\�RI�GH�H[FLWDWLRQ�;�UD\V�PHDVXUHG�E\�WKH�WZR�6L�/L��GHWHFWRU�DV�D
IXQFWLRQ�RI�WKH�WLOW�DQJOH�IURP�>���@�D[LV��$UURZV�LQGLFDWH�Q� ���VWDWHV��-� �����DQG
�����LQ�YDFXXP��7KH�ULJKW�VFDOH�LQGLFDWHV�WKH�QXPEHU�RI�WKH�;�UD\V�SHU�LQFLGHQW�LRQ�
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'LVWDQFH�IURP�FKDQQHO�FHQWHU

7DEOH��0HDQ�IUHH�SDWKV�IRU��S�LRQL]DWLRQ��λL��S���UDGLDWLYH�GHFD\�IURP
�S��λ[��S��� LQWUD�VKHOO� WUDQVLWLRQ� IURP��V��S��λH��V��S��� DQG�D�KDOI�RI� WKH
SDWK�OHQJWK�SHU�5DEL�RVFLOODWLRQ��λ5����IRU�EHVW�FKDQQHOHG�LRQV�DQG�WKH
LRQV�ZLWK�ODUJH�RVFLOODWLRQ�DPSOLWXGH�� �����c��

%HVW�FKDQQHOHG $PSOLWXGH� ������c

� � λL��S� ���µP ����µP

� � λ[��S� ����µP ����µP

� � λH��V��S� ���µP ����µP

� � λ5�� ����µP ����µP

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 5&(

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 5DGLDWLYH�GHFD\

� � � � � � � � � � � � � � � � � � � � � � �S�LRQL]DWLRQ

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �V��S�LQWUD�VKHOO�WUDQVLWLRQ

)LJ������5RXJK�VNHWFK�RI�SUREDELOLWLHV�RI��S�LRQL]DWLRQ���V��S�LQWUD�VKHOO�WUDQVLWLRQ��DQG
UDGLDWLYH�GHFD\�DQG�5&(�DV�D�IXQFWLRQ�RI�WKH�GLVWDQFH�IURP�WKH�FKDQQHO�FHQWHU�
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���� 0RQWH�&DUOR�VLPXODWLRQ�RI�5&(
� � � � 7R�XQGHUVWDQG� WKH�5&(�SKHQRPHQD�TXDQWLWDWLYHO\��D�0RQWH�&DUOR�VLPXODWLRQ�ZDV
SHUIRUPHG��7KH�WLPH�HYROXWLRQ�RI�Q� ���VWDWH�WKURXJK�FRKHUHQW�SURFHVVHV�LV�GHVFULEHG�DV
LQ� (T���������� ,QFRKHUHQW� SURFHVVHV� VKRXOG� EH� LQFOXGHG� LQ� WKH� ULJKW� KDQG� VLGH� RI
(T��������� DV� LPDJLQDU\�SDUWV� >�����@��+RZHYHU�� WKH� VLWXDWLRQ� LV� VR� FRPSOH[� WKDW� LW� LV
GLIILFXOW�WR�VROYH�(T���������ULJRURXVO\��7KH�GLVWDQFH�IURP�WKH�FKDQQHO�FHQWHU��[��FKDQJHV
WRJHWKHU�ZLWK�WKH�FKDQQHOLQJ�RVFLOODWLRQ��DQG�WKH�WUDQVLWLRQ�DPSOLWXGH��0

���[���LV�DFWXDOO\
D�IXQFWLRQ�RI�WLPH�W��0RUHRYHU��WKH�HQHUJ\�GLIIHUHQFH�EHWZHHQ�WKH�JURXQG�VWDWH�DQG�DQ�Q
 ���VWDWH��(WUDQV��DOVR�GHSHQGV�RQ�[��VHH�)LJ��������L�H���LW� LV�DOVR�D�IXQFWLRQ�RI�W��)XUWKHU�
WKH� SDWK� OHQJWKV� RI� WKH� LRQ� SHU� FKDQQHOLQJ� RVFLOODWLRQ� DQG� SHU� 5DEL� RVFLOODWLRQ� DUH
FRPSDUDEOH��$FFRUGLQJO\��WKH�5DEL�IUHTXHQF\�YDULHV�DW�HYHU\�PRPHQW��DQG�WKH�WUDQVLWLRQ
SUREDELOLW\� FDQ� QRW� EH� GHVFULEHG� DV� D� VLPSOH� VLQXVRLGDO� FXUYH� DV� LQ� (T���������
&RQVLGHULQJ�RQO\�WKH�VWUDLJKW�OLQH�WUDMHFWRU\��L�H���IL[LQJ�WKH�LPSDFW�SDUDPHWHU��LV�RQH�RI
WKH� PHWKRG� WR� VLPSOLI\� WKH� FDOFXODWLRQ� >��@�� ,Q� WKH� SUHVHQW� VLPXODWLRQ�� WKH� LRQ
WUDMHFWRULHV�ZHUH�H[DFWO\�FDOFXODWHG��DQG�WKH�LPSDFW�SDUDPHWHU�GHSHQGHQFH�RI�0���[��DQG
(WUDQV�ZDV�WDNHQ�LQWR�DFFRXQW��7KH�SUREDELOLW\�RI�FRKHUHQW�H[FLWDWLRQ��GH�H[FLWDWLRQ��ZDV
JLYHQ�DW�HYHU\�VWHS��∆]��L�H���LW�ZDV�WUHDWHG�DV�¦LQFRKHUHQW�OLNH§��ZKHUH�∆]�LV�D�VWHS�RI�LRQ
SRVLWLRQ�DORQJ�WKH�EHDP�GLUHFWLRQ�
� � � � $�IORZ�FKDUW�RI�WKH�VLPXODWLRQ�LV�VKRZQ�LQ�)LJ�������,I�[�LV�FRQVWDQW��WKH�SRSXODWLRQ
SUREDELOLW\�LQ�RQH�RI�WKH�Q� ���VWDWHV�IRU�FKDQQHOHG�LRQV�DW�SRVLWLRQ��[��LV�JLYHQ�E\
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0RGLI\LQJ�(T��������WKH�WUDQVLWLRQ�SUREDELOLW\�IURP��V�WR�DQ�Q� ���VWDWH�SHU�VWHS��∆]��ZDV
SXW�DV

�Δz�
��

���
�� W��

�

��
�� I

[

[0
[Z

Ω!
= �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������

ZKHUH�IW�∆]��LV�D�ILWWLQJ�SDUDPHWHU�GHSHQGLQJ�RQ�∆]��(T��������PHDQV�WKDW�WKH�VLQXVRLGDO
LQFUHDVH��RU�GHFUHDVH��RI� WKH�SRSXODWLRQ� LQ� WKH�Q� ���VWDWH�� L�H���5DEL�RVFLOODWLRQ�HIIHFW�
ZDV�DYHUDJHG��DQG�WKH�HIIHFW�ZDV�UHSUHVHQWHG�E\�WKH�SDUDPHWHU��IW�∆]���,Q�WKH�VLPXODWLRQ�
D� VWHS� RI� WKH� LRQ� SRVLWLRQ� DORQJ� WKH� EHDP� GLUHFWLRQ�� ∆]�� ZDV� VHOHFWHG� WR� EH� ��GS

� ����×��−��µP��ZKLFK�LV�∼��−��RI�WKH�ZDYHOHQJWK�RI�WKH�FKDQQHOLQJ�RVFLOODWLRQ��EXW�LV
ORQJ�HQRXJK�IRU�WKH�LRQ�WR�IHHO�WKH�FU\VWDO�SHULRGLFLW\��7KH�SDUDPHWHU��IW�∆]���LV�H[SHFWHG
WR�EH�∼���−���EHFDXVH�Z���[��VKRXOG�EH�RI�WKH�RUGHU�RI�XQLW\��ZKHQ�WKH�LRQ�SDVVHV�VHYHUDO
µP� �∼λ5����� 7KH� WUDQVLWLRQ� SUREDELOLW\� IURP� DQ� Q�  � �� WR� �V� VWDWH� LV� DOVR� JLYHQ� E\
(T��������
� � � � $V�IRU�WKH�LQFRKHUHQW�SURFHVVHV��WKH�FDOFXODWHG�UHVXOWV�RI�HOHFWURQ�LPSDFW�LRQL]DWLRQ
DQG� H[FLWDWLRQ� FURVV� VHFWLRQV� ZLWK� WKH� SODQH� ZDYH� %RUQ� DSSUR[LPDWLRQ� >��@� ZHUH
DGRSWHG�� ,Q� WKH� VLPXODWLRQ��Q≥ �� VWDWHV�ZHUH� QRW� FRQVLGHUHG�� DQG� H[FLWHG� LRQV� WR� Q≥ �
VWDWHV�ZHUH�UHJDUGHG�DV�LRQL]HG��7KH��V����V��DQG��S�LRQL]DWLRQ�FURVV�VHFWLRQV��σL��V���σL��V�

DQG�σL��S��ZHUH�UHSODFHG�ZLWK
⋅⋅⋅+++=′ =→=→ ��VH[����V[��HV�L��V�L�� QQ

σσσσ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������

⋅⋅⋅+++=′ =→=→ ��V[��H���[�HV��L�V��L� QQV
σσσσ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������

⋅⋅⋅+++=′ =→=→ ��S�H[���S�[�HS��L�S��L� QQ
σσσσ �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������

ZKHUH�σH[� LV� DQ� H[FLWDWLRQ� FURVV� VHFWLRQ�� ,RQL]DWLRQ�FURVV� VHFWLRQV� IURP�DQ�Q� ��� VWDWH
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ZHUH�FDOFXODWHG�ZLWK�(T��������DQG��������FRQVLGHULQJ�WKH�UDWLR�RI��V�DQG��S�FRPSRQHQWV�
6WULFWO\�VSHDNLQJ�� WKH� LRQL]DWLRQ�SUREDELOLWLHV�IURP��S[���S\�DQG��S]�VWDWHV�DUH�GLIIHUHQW
IURP�HDFK�RWKHU��ZKHQ�WKH�VSDWLDO�GLVWULEXWLRQ�RI�WKH�ERXQG�HOHFWURQ�DQG�WKH�GHQVLW\�RI
WKH�WDUJHW�HOHFWURQ�IOX[�DUH�FRQVLGHUHG��+RZHYHU��WKH�GLIIHUHQFH�LV�QRW�FRQVLGHUHG�WR�EH
VR� VLJQLILFDQW�� EHFDXVH� WKH� RUELWDO� UDGLXV� RI� HOHFWURQ� LQ� �S� VWDWH� �∼����� c�� LV� PXFK
VPDOOHU�WKDQ�WKH�LQWHU�SODQDU�GLVWDQFH�������c���7KH�FURVV�VHFWLRQV�IRU�H[FLWDWLRQ�IURP��V
WR� DQ� Q�  � �� VWDWH� DQG� IRU� LQWUD�VKHOO� WUDQVLWLRQ� EHWZHHQ� Q�  � �� VWDWH� ZHUH� VLPLODUO\
FDOFXODWHG�FRQVLGHULQJ� WKH�FRPSRVLWLRQV�RI��V�DQG��S�FRPSRQHQWV� LQ�HDFK�Q� ��� VWDWH�
+HUH��WKH�FURVV�VHFWLRQ�IURP��V�WR��S�DQG�WKDW�IURP��S�WR��V�DUH�UHJDUGHG�WR�EH�HTXDO�
)ROORZLQJ�(T��������IRU�UDQGRP�LQFLGHQFH��WKH�FURVV�VHFWLRQ�SHU�DWRP�ZDV�ZULWWHQ�DV
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ZKHUH�QH�[��DQG�1�[��DUH�WKH�ORFDO�HOHFWURQ�DQG�QXFOHDU�GHQVLWLHV��UHVSHFWLYHO\�
� � � � 7KH�UDGLDWLYH�OLIH�WLPH�RI�DQ�Q� ���VWDWH�LQ�WKH�SURMHFWLOH�IUDPH��τ��LV�JLYHQ�E\
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ZKHUH�τ�V�DQG�τ�S�DUH�WKH�OLIH�WLPHV�RI��V�DQG��S�VWDWHV��ZKLFK�DUH����×��−��DQG�����×��−��

VHF�� UHVSHFWLYHO\� >�����@�� $� SUREDELOLW\� RI� UDGLDWLYH� GHFD\� ZLWKLQ� D� WLPH� VWHS�� ∆W′� � 
∆]�Y���LQ�WKH�ODERUDWRU\�IUDPH�LV�ZULWWHQ�DV
3[ �∆W′�γτ�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ������
$Q�DQJXODU�GLVWULEXWLRQ�RI�GH�H[FLWDWLRQ�;�UD\V�IURP�DQ�Q� ���VWDWH�ZDV�UHSUHVHQWHG�DV
DQ�DYHUDJH�RI�WKRVH�IURP��V���S[���S\�DQG��S]�VWDWHV�ZLWK�D�FRQVLGHUDWLRQ�RI�WKH�UDWLR�RI
HDFK� FRPSRQHQW�� �

V�F ��
�

S[�F ��
�

S\�F � DQG�
�

S]�F �� 7KH� DQJXODU� GLVWULEXWLRQ� IURP� �S

VWDWH�LV�LQ�DFFRUGDQFH�ZLWK�(T�������LQ�WKH�SURMHFWLOH�IUDPH��DQG�VKRXOG�EH�WUDQVIRUPHG�WR
WKH�ODERUDWRU\�IUDPH�WKURXJK�WKH�/RUHQW]�WUDQVIRUPDWLRQ�
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ZKHUH�θ�DQG�θ′�DUH�DQJOHV�LQ�WKH�SURMHFWLOH�DQG�WKH�ODERUDWRU\�IUDPHV��UHVSHFWLYHO\��7KH
;�UD\�DEVRUSWLRQ�ZLWKLQ� WKH�6L�FU\VWDO�ZDV�FRQVLGHUHG��ZKLFK�GHSHQGV�RQ� WKH�GHSWK�RI
WKH�SRVLWLRQ�ZKHUH�WKH�LRQ�HPLWWHG�WKH�;�UD\�>��@�
� � � � 7KH� DQJXODU� GLVWULEXWLRQ� RI� WKH� LQFLGHQW� EHDP� ZDV� UHSUHVHQWHG� E\� D� *DXVVLDQ
GLVWULEXWLRQ�ZKRVH�VWDQGDUG�GHYLDWLRQ�LV�HTXDO�WR�WKH�H[SHULPHQWDO�RQH��7KH�IOXFWXDWLRQ
RI� WKH� LQFLGHQW� EHDP� HQHUJ\� �∆(��(��  � ����×��¤ ���ZDV� DOVR� LQFOXGHG�� 7KH� LRQ� ZKLFK
DSSURDFKHG� WKH� FKDQQHO�ZDOO� FORVHU� WKDQ� WKH� RQH�GLPHQVLRQDO� DPSOLWXGH� RI� WKH� ODWWLFH
YLEUDWLRQ��X���ZDV�UHJDUGHG�DV�D�UDQGRP�LQFLGHQW�LRQ��DQG�RQO\�WKH�LQFRKHUHQW�SURFHVVHV
ZHUH�DVVXPHG�WR�WDNH�SODFH�IRU�UDQGRP�LRQV�
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� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � �

� �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

6� ����LQ�Q� ���VWDWHV�6� ����LQ��V�VWDWH�

6� �������QRW�LRQL]HG�

6� ����LRQL]HG�

1R

<HV<HV 1R

5DGLDWLYH�GHFD\

67$57

6HWWLQJ�D�WLOW�DQJOH�RI�FU\VWDO

6HWWLQJ� D� SRVLWLRQ�� DQ� DQJOH� DQG� DQ
LQLWLDO�VWDWH��6� ����V���RI�LQFLGHQW�LRQ

,RQL]HG�"

&DOFXODWLRQ�RI�SUREDELOLWLHV
• �V�LRQL]DWLRQ
• ,QFRKHUHQW�H[FLWDWLRQ
• 5&(

&DOFXODWLRQ�RI�SUREDELOLWLHV
• ,RQL]DWLRQ�IURP�Q� ���VWDWHV
• 5DGLDWLRQ�GHFD\
• ,QWUD�VKHOO�WUDQVLWLRQ
• 5&'

&DOFXODWLRQ� RI� ORFDO� HOHFWURQ� DQG
QXFOHDU GHQVLWLHV

:KLFK�VWDWH�"

5DQGRP�QXPEHU�LV�JLYHQ
• ,RQL]DWLRQ�→�6� ��
• ,QFRKHUHQW�H[FLWDWLRQ
� � � � DQG�5&(�→�6� ��
• 1RWKLQJ�KDSSHQHG�→�6� ��

5DQGRP�QXPEHU�LV�JLYHQ
• ,RQL]DWLRQ�→�6� ��
• 5DGLDWLYH�GHFD\�RU�5&'�→�6� ��
• ,QWUD�VKHOO�WUDQVLWLRQ�→�6� ��
• 1RWKLQJ�KDSSHQHG�→�6� ��

&DOFXODWLRQ� RI� ;�UD\
DQJXODU GLVWULEXWLRQ

&DOFXODWLRQ�RI�WKH�LRQ�SRVLWLRQ�DQG�YHORFLW\�SHUSHQGLFXODU�WR
WKH�FKDQQHO�SODQH�LQ�WKH�QH[W�VWHS

,Q�FU\VWDO�" 5HSHDW�"

6723

)LJ������)ORZ�FKDUW�RI�WKH�VLPXODWLRQ�IRU�DWRPLF�SURFHVVHV�RI�FKDQQHOHG�LRQV
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���� 5HVXOWV�DQG�GLVFXVVLRQ
� � � � 7KH�VLPXODWHG�UHVXOWV�RI� WKH� IUDFWLRQ�RI� LRQL]HG�$U���� LRQV� WUDQVPLWWHG� WKURXJK���
µP�6L� FU\VWDO� IRU� I

W
�  � ������� ������ DQG� ������� DUH� VKRZQ� LQ� )LJ������� 7KH� VLPXODWHG

UHVXOW�IRU�I
W
� �������LV�WKH�FORVHVW�WR�WKH�H[SHULPHQWDO�UHVXOW�ZKLFK�LV�JLYHQ�E\�WKH�VROLG

OLQH��$OWKRXJK�WKH�GHWDLOV�RI�WKH�VWUXFWXUH�VXFK�DV�WKH�GRXEOHW�RI�WKH�OHIW�SHDN��-� �����
ZDV� QRW� UHSURGXFHG�� WKH� JHQHUDO� IHDWXUH� DJUHHV�ZLWK� WKH� H[SHULPHQWDO� UHVXOW�� )LJ�����
WHOOV��
��� )RU�I

W
� ���������WKH�IUDFWLRQ�RI�$U����IRU�RII�UHVRQDQFH�EHFRPHV�ODUJHU��EXW��WKDW�XQGHU

UHVRQDQFH�FRQGLWLRQV�GRHV�QRW�LQFUHDVH�VR�PXFK�FRPSDUHG�ZLWK�WKH�FDVH�IRU�I
W
� �������

$V�D�UHVXOW��WKH�WZR�SHDN��-� �����DQG�-� ������VWUXFWXUH�ZDV�REVFXUHG�
��� )RU� I

W
�  � ������� �� WKH� IUDFWLRQ� RI� $U���� GRHV� QRW� UHDFK� ∼��� SHUFHQW� HYHQ� XQGHU

UHVRQDQFH�FRQGLWLRQV�
7KHVH�UHVXOWV�FDQ�EH�XQGHUVWRRG�DV�IROORZV��7KH�WLPH�HYROXWLRQV�RI�WKH�SRSXODWLRQ�LQ�Q� 
�� VWDWHV�� 3

�
�W��� IRU� VHYHUDO� YDOXHV� RI� I

W
�� DQG� IRU� RQ�� DQG� RII�UHVRQDQFH� DUH� VKRZQ� LQ

)LJ�������)RU�I
W
� ��������3

�
�W��IRU�RQ�UHVRQDQFH�LV�FORVH�WR������DQG�WKDW�IRU�RII�UHVRQDQFH

LV�PXFK�VPDOOHU�WKDQ������ZKHQ�WKH�LRQV�SDVV�WKURXJK�WKH�FU\VWDO��W′� �W
�
�≡�]

�
�Y���ZKHUH�]

�

LV�WKH�WDUJHW�WKLFNQHVV�DQG�Y�LV�WKH�LRQ�YHORFLW\��)RU�I
W
� ��������KRZHYHU��WKH�YDOXH�RI�3

�

�W
�
��LV�FORVH�WR�����HYHQ�IRU�RII�UHVRQDQFH��)RU�RQ�UHVRQDQFH��WKH�UHLWHUDWLRQ�RI�5&(�DQG

5&'�EHFRPHV�TXLWH� IUHTXHQW�� EXW� WKH�YDOXH�RI�3
�
�W

�
��GRHV�QRW�H[FHHG������ DQG� IXUWKHU

HQKDQFHPHQW�RI�$U����IUDFWLRQ�GLG�QRW�RFFXU��7KLV�VLWXDWLRQ�OHG�WR�WKH�UHVXOW������2Q�WKH
RWKHU�KDQG�� IRU� I

W
� ��������� WKH�YDOXH�RI�3

�
� �W

�
�� LV�PXFK�VPDOOHU� WKDQ����� HYHQ� IRU�RQ�

UHVRQDQFH��DQG�WKLV�FDXVHV�WKH�UHVXOW�����
� � � � 7KH� VLPXODWHG� UHVXOWV� RI� UHVRQDQFH� FXUYH� IRU�;�UD\V� DUH� VKRZQ� LQ� )LJ������� 7KH
WZR�SHDN� VWUXFWXUH� DQG� WKH� VXSSUHVVLRQ� RI� WKH� OHIW� SHDN� UHSURGXFH� WKH� H[SHULPHQWDO
UHVXOW�TXLWH�ZHOO��7KH�LVRWURSLF�GLVWULEXWLRQ�REVHUYHG�LQ�WKH�ULJKW�SHDN�LV�DOVR�UHSURGXFHG
LQ�WKLV�VLPXODWLRQ��DQG�WKDW� LQ�WKH�OHIW�SHDN�UHPDLQV�VOLJKWO\��7KH�;�UD\�LQWHQVLW\�LV����
WLPHV� ODUJHU� WKDQ� WKH� H[SHULPHQWDO� UHVXOW�� EXW� WKH� DJUHHPHQW� LV� FRQVLGHUHG� WR� EH
VDWLVIDFWRU\��7KH�;�UD\� LQWHQVLW\� LQ� WKH� ORZHU� HQHUJ\� SDUW� RI� WKH� OHIW� SHDN� �θ� ����°� ¤
����°�� FRUUHVSRQGLQJ� WR� /HYHO� ��� LV� VOLJKWO\� VPDOOHU� WKDQ� WKH� H[SHULPHQW�� $V� IRU� WKH
VLPXODWHG� UHVXOW� RI� FKDUJH� VWDWH� GLVWULEXWLRQ� �)LJ�������� WKH� OHIW� SHDN� RI� WKH� GRXEOHW
VWUXFWXUH��FRUUHVSRQGLQJ�WR�/HYHO����GLG�QRW�DSSHDU��,Q�RWKHU�ZRUGV��ERWK�LRQL]DWLRQ�DQG
GH�H[FLWDWLRQ�IURP�/HYHO���RFFXU�ZLWK�D�ODUJHU�SUREDELOLW\�WKDQ�WKH�VLPXODWLRQ�
� � � � )LJ������VKRZV�HYHQW�QXPEHUV�SHU�XQLW�OHQJWK�RI�5&(�DQG�5&'�DV�IXQFWLRQV�RI�WKH
GLVWDQFH�IURP�WKH�FKDQQHO�FHQWHU��[��IRU�FKDQQHOHG�LRQV�ZLWK�WKH�RVFLOODWLRQ�DPSOLWXGH�RI
����� c�� ZKLFK� LV� LQMHFWHG� LQWR� WKH� FU\VWDO� LQ� SDUDOOHO� WR� WKH� FKDQQHO� SODQH�� XQGHU� WKH
UHVRQDQFH�FRQGLWLRQ�RI�θ� �����°��7KH�UHVXOW�VKRZV�WKDW�PRVW�SDUW�RI� WKH�5&(�SURFHVV
RFFXUV� QHDU� WKH� WXUQLQJ� SRLQW� RI� WKH� LRQ� WUDMHFWRU\�� ZKLFK� ZDV� DOVR� UHYHDOHG� E\� WKH
PHDVXUHPHQW� RI� WKH� LPSDFW�SDUDPHWHU� GHSHQGHQW�5&(� LQ�6HF������7KH� HYHQW� QXPEHUV
SHU�XQLW� OHQJWK�RI�5&(�DQG�5&'�SURFHVVHV� DV� IXQFWLRQV�RI� WKH� LRQ�SRVLWLRQ�DORQJ� WKH
EHDP�GLUHFWLRQ��]��KDYH�VWUXFWXUHV�DV�VKRZQ�LQ�)LJ�����D��,W�LV�UHODWHG�WR�WKH�RVFLOODWRU\
WUDMHFWRU\� RI� WKH� FKDQQHOHG� LRQV�� :KHQ� WKH� LRQ� DSSURDFKHV� WKH� WXUQLQJ� SRLQW� RI� WKH
WUDMHFWRU\��WKH�5&(�SUREDELOLW\�LQFUHDVHV�EHFDXVH�RI�WKH�LQFUHDVH�RI�WKH�FU\VWDO�ILHOG��7KH
SUREDELOLW\� WDNHV� WKH� PD[LPXP� DQG� PLQLPXP� YDOXHV� DW� WKH� WXUQLQJ� SRLQW� DQG� WKH
FKDQQHO�FHQWHU�� UHVSHFWLYHO\��6KDUS�GLSV� LQ�)LJ�����D�FRUUHVSRQG�WR�WKH�SRVLWLRQ��]�� WKDW
WKH� LRQV� DUH� DW� WKH� FKDQQHO� FHQWHU�� 7KH� HYHQW� QXPEHUV� RI� �V�LRQL]DWLRQ� DQG� LRQL]DWLRQ
IURP�Q� ���VWDWHV�DUH�VKRZQ�LQ�)LJ�����E��7KH\�KDYH�D�FOHDU�RVFLOODWLRQ�VWUXFWXUH��DQG�WKH
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IUHTXHQF\� FRUUHVSRQGV� WR� WKDW� RI� WKH� RVFLOODWLRQ� RI� WKH� LRQ� WUDMHFWRU\�� EHFDXVH� WKH
LRQL]DWLRQ� SUREDELOLW\� KDV� WKH�PD[LPXP� YDOXH� HYHU\� WLPH� WKDW� WKH� LRQV� DSSURDFK� WKH
WXUQLQJ�SRLQW�ZKHUH�WKH�HOHFWURQ�DQG�QXFOHDU�GHQVLWLHV�DUH�WKH�ODUJHVW��$V�WKH�UHVXOW�RI�WKH
FRPSHWLWLRQ�ZLWK� �V�LRQL]DWLRQV�� WKH� HYHQW� QXPEHU�RI�5&(�GHFUHDVHV�QHDU� WKH� WXUQLQJ
SRLQW��EHFDXVH�WKH�VORSH�RI�WKH�LQFUHDVH�RI��V�LRQL]DWLRQ�LV�VWHHSHU�WKDQ�WKDW�RI�5&(��DQG
LRQV� LQ� WKH� JURXQG� VWDWH� DUH� LRQL]HG� EHIRUH� WKH�5&(� RFFXUV�� 7KHUHIRUH�� VPDOO� GLSV� LQ
)LJ�����D�FRUUHVSRQG�WR�WKH�WXUQLQJ�SRLQWV�
� � � � )LJ������ VKRZV� WKH� HYHQW� QXPEHUV� SHU� XQLW� OHQJWK� RI� 5&(�� 5&'�� �V�LRQL]DWLRQ�
LRQL]DWLRQ� IURP� Q�  � �� VWDWHV�� LQWUD�VKHOO� WUDQVLWLRQ� EHWZHHQ�Q�  � �� VWDWHV� DQG� UDGLDWLYH
GHFD\� DV� IXQFWLRQV� RI�[� IRU� FKDQQHOHG� LRQV�ZLWK� DOO� WUDMHFWRULHV��7KH� HYHQW� QXPEHU� RI
5&(� DQG� 5&'� KDYH� D� SHDN� DW� [� ∼���� c�� DOWKRXJK� 5&(� DQG� 5&'� SUREDELOLWLHV� IRU
FKDQQHOHG� LRQV� ZLWK� ODUJHU� RVFLOODWLRQ� DPSOLWXGH� DUH� ODUJHU�� 7KLV� LV� GXH� WR� WKH
FRPSHWLWLRQ�ZLWK�LRQL]DWLRQV�IURP��V�DQG�Q� ���VWDWHV��ZKLFK�KDYH�WKH�ODUJH�SUREDELOLW\
�HYHQW� QXPEHU�� DW� WKH� ODUJH� GLVWDQFH� IURP� WKH� FKDQQHO� FHQWHU� DV� VKRZQ� LQ� )LJ�����E�
0RVW�RI�WKH�LQWUD�VKHOO�WUDQVLWLRQ�RFFXUV�QHDU�WKH�FKDQQHO�ZDOO�VLPLODU�WR�WKH�LRQL]DWLRQ
IURP��V� DQG�Q� ��� VWDWHV��2Q� WKH�RWKHU�KDQG�� GH�H[FLWDWLRQ�;�UD\V� DUH�PRVWO\� HPLWWHG
IURP�WKH�LRQV�DW�WKH�UHJLRQ�RI�[�������c�ZKHUH�WKH�LRQL]DWLRQ�DQG�LQWUD�VKHOO�WUDQVLWLRQ�GR
QRW� RFFXU� WRR� PXFK�� ,W� PHDQV� WKDW� WKH� LQWUD�VKHOO� WUDQVLWLRQ�� ZKLFK� WHQGV� WR� VWLU� WKH
FRPSRVLWLRQ�RI��V���S

[
���S

\
�DQG��S

]
�LQ�WKH�LQLWLDO�H[FLWHG�VWDWH��VFDUFHO\�DIIHFWV�WKH�;�UD\

UHVRQDQFH�SURILOH��,Q�IDFW��WKH�REVHUYHG�;�UD\�SURILOH��)LJ�������NHHSV�WKH�LQIRUPDWLRQ�RI
WKH� LQLWLDO� H[FLWHG� VWDWH�� L�H��� WKH� OHIW� SHDN� EHFRPHV� VPDOOHU� WKDQ� WKH� ULJKW� SHDN�� 7KLV
VLPXODWHG�UHVXOW�VXSSRUWV�WKH�GLVFXVVLRQ�DERXW�WKH�H[SHULPHQWDO�;�UD\�SURILOH�LQ�6HF�����
� � � � (YHQW�QXPEHUV�SHU�XQLW�OHQJWK�RI�5&(��5&'���V�LRQL]DWLRQ��LRQL]DWLRQ�IURP�Q� ��
VWDWHV��LQWUD�VKHOO�WUDQVLWLRQ�DQG�UDGLDWLYH�GHFD\�DV�IXQFWLRQV�RI�]�IRU�FKDQQHOHG�LRQV�ZLWK
DOO�WUDMHFWRULHV�DUH�VKRZQ�LQ�)LJ�������7KH�HYHQW�QXPEHUV�RI�5&(�DQG�5&'�UHIOHFW�WKH
HYROXWLRQ�RI�WKH�SRSXODWLRQ�LQ�WKH�JURXQG�DQG�Q� ���VWDWHV��UHVSHFWLYHO\��,W�LV�QRWHG�WKDW
���SHUFHQW�RI�WKH�5&(�SURFHVVHV�RFFXU�LQ�WKH�UHJLRQ�RI����µP�IURP�WKH�HQWUDQFH�VXUIDFH�
7KH�RVFLOODWLRQ�VWUXFWXUH�RI�WKH�HYHQW�QXPEHU�RI�5&(�GXH�WR�WKH�LRQ�WUDMHFWRU\��ZKLFK�LV
VHHQ�LQ�WKH�FDVH�RI�D�VLQJOH�WUDMHFWRU\��)LJ�����D���GLVDSSHDUV�DV�D�UHVXOW�RI�WKH�DYHUDJLQJ
IRU�DOO�WUDMHFWRULHV��2Q�WKH�FRQWUDU\��WKH�RVFLOODWLRQ�VWUXFWXUH�RI�LRQL]DWLRQ�UHPDLQV�LQ�WKH
VKDOORZ�UHJLRQ�EHFDXVH�RI�WKH�VWURQJ�GHSHQGHQFH�RQ�WKH�LRQ�SRVLWLRQ��7KH��V�LRQL]DWLRQ
DQG�Q� ���LRQL]DWLRQ��RU�LQWUD�VKHOO�WUDQVLWLRQ��DOVR�UHIOHFW�WKH�HYROXWLRQ�RI�WKH�SRSXODWLRQ
LQ�WKH�JURXQG�DQG�Q� ���VWDWHV�� UHVSHFWLYHO\��DV�ZHOO�DV� WKH�HIIHFW�RI� WKH� LRQ� WUDMHFWRU\�
DQG� WKH\� PRVWO\� RFFXU� QHDU� WKH� HQWUDQFH� VXUIDFH� VLPLODU� WR� WKH� 5&(�� +RZHYHU�� WKH
UDGLDWLYH�GHFD\�GRHV�QRW�KDYH�D�VLJQLILFDQW�]�GHSHQGHQFH��,W�PHDQV�WKDW�WKH�FKDUJH�VWDWH
DQG� WKH� FRQYR\� HOHFWURQV� SUHVHQW� WKH� LQIRUPDWLRQ� RQ� WKH� 5&(� RFFXUUHG� FORVHU� WR� WKH
HQWUDQFH�VXUIDFH��DQG�WKH�;�UD\V�FRQWDLQ�WKDW�RQ�WKH�5&(�RFFXUUHG�LQ�WKH�ZKROH�UHJLRQ
RI�WKH�FU\VWDO�
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)LJ������ (YHQW� QXPEHU� SHU� XQLW� OHQJWK� RI� �D�� 5&(�� 5&'�� �E�� �V�LRQL]DWLRQ� DQG
LRQL]DWLRQ� IURP� Q�  � �� VWDWHV� DV� D� IXQFWLRQ� RI� WKH� LRQ� SRVLWLRQ� DORQJ� WKH� EHDP
GLUHFWLRQ�IRU�FKDQQHOHG�LRQV�ZLWK�WKH�RVFLOODWLRQ�DPSOLWXGH�RI������c��LQMHFWHG� LQWR
WKH� FU\VWDO� LQ� SDUDOOHO� WR� WKH� FKDQQHO� SODQH� XQGHU� WKH� UHVRQDQFH� FRQGLWLRQ� RI� θ�  
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)LJ������(YHQW�QXPEHU�SHU�XQLW�OHQJWK�RI��D�5&(��5&'��E���V�LRQL]DWLRQ��LRQL]DWLRQ
IURP� Q�  � �� VWDWHV�� ,QWUD�VKHOO� WUDQVLWLRQ� DQG� UDGLDWLYH� GHFD\� DV� D� IXQFWLRQ� RI� WKH
GLVWDQFH� IURP� WKH� FKDQQHO� FHQWHU� IRU� FKDQQHOHG� LRQV�ZLWK� DOO� WUDMHFWRULHV�XQGHU� WKH
UHVRQDQFH�FRQGLWLRQ�RI�θ� �����°�
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5DGLDWLYH�GHFD\

)LJ������(YHQW�QXPEHUV�SHU� OHQJWK�RI� �D��5&(��5&'�� �E���V�LRQL]DWLRQ�� LRQL]DWLRQ
IURP�Q� ���VWDWHV��LQWUD�VKHOO� WUDQVLWLRQ�DQG�UDGLDWLYH�GHFD\�DV�D� IXQFWLRQ�RI� WKH�LRQ
SRVLWLRQ�DORQJ�WKH�EHDP�GLUHFWLRQ�IRU�FKDQQHOHG�LRQV�ZLWK�DOO� WUDMHFWRULHV�XQGHU� WKH
UHVRQDQFH�FRQGLWLRQ�RI�θ� �����°�
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�� 6XPPDU\
���� &KDQQHOLQJ�H[SHULPHQW
� � � � (QHUJ\�GHSRVLWLRQV�RI�����0H9�X�&���LRQV�DQG�����0H9�X�$U����LRQV�LQ�D�6L�FU\VWDO
IRU� UDQGRP� LQFLGHQFH� DQG� XQGHU� >���@� D[LDO� DQG� ������� ����� � DQG� ����� � SODQDU
FKDQQHOLQJ�FRQGLWLRQV�ZHUH�PHDVXUHG�DGRSWLQJ�D�WRWDOO\�GHSOHWHG�VLOLFRQ�GHWHFWRU��66'�
DV� D� WDUJHW� FU\VWDO�� 7KH� HQHUJ\� GHSRVLWLRQV� RI� WKH� >���@� D[LDO�� DQG� ������� ����� � DQG

����� �SODQDU�FKDQQHOHG�&��� LRQV�LQ�����µP�6L�FU\VWDO�ZHUH�UHGXFHG�WR���������������DQG
����0H9�� UHVSHFWLYHO\�� FRPSDUHG� ZLWK� �����0H9� IRU� UDQGRP� LQFLGHQFH�� 7KH� DQJXODU
GLYHUJHQFH� RI� WUDQVPLWWHG� LRQV� XQGHU� WKH� FKDQQHOLQJ� FRQGLWLRQ� EHFDPH� VPDOOHU
FRPSDUHG� ZLWK� WKH� UDQGRP� LQFLGHQW� FDVH�� $� FDOFXODWLRQ� RI� WKH� HQHUJ\� GHSRVLWLRQ� RI
SODQDU�FKDQQHOHG�LRQV�ZDV�DOVR�SHUIRUPHG�DGRSWLQJ�D�VWRSSLQJ�SRZHU�IRUPXOD�EDVHG�RQ
WKH� /LQGKDUG©V� WKHRU\��$� ILWWLQJ� SDUDPHWHU�� I�� LQ� WKH� IRUPXOD�ZDV� VHOHFWHG� VR� WKDW� WKH
SHDN� SRVLWLRQ� DJUHHV�ZLWK� WKH� H[SHULPHQWDO� UHVXOW��7KH� VKDSH� RI� WKH� VLPXODWHG� HQHUJ\
GHSRVLWLRQ�VSHFWUD�ZHOO�UHSURGXFHG�WKRVH�RI�WKH�PHDVXUHG�VSHFWUD��,Q�WKH�FDOFXODWLRQ��DQ
HIIHFW� RI� HVFDSHG� HOHFWURQV� SURGXFHG� E\� WKH� FROOLVLRQ� ZLWK� WKH� SURMHFWLOH�� L�H�� WKH
GLIIHUHQFH�EHWZHHQ� WKH�HQHUJ\� ORVV�DQG� WKH�HQHUJ\�GHSRVLWLRQ��ZDV� WDNHQ� LQWR�DFFRXQW�
ZKLFK�ZDV�HYDOXDWHG�IURP�D�0RQWH�&DUOR�VLPXODWLRQ�IRU�D� UDQGRP�LQFLGHQW�FDVH��7KLV
HIIHFW�DPRXQWV�WR����SHUFHQW�RI�WKH�HQHUJ\�ORVV�IRU�����0H9�X�$U�LRQV�ZLWK������µP�6L
WDUJHW��7KH�UHODWLRQ�EHWZHHQ�WKH�HQHUJ\�GHSRVLWLRQ�DQG�WKH�RVFLOODWLRQ�DPSOLWXGH�RI� WKH
FKDQQHOHG�LRQ�ZDV�DOVR�REWDLQHG�IURP�WKH�FDOFXODWLRQ�
� � � � $�FKDUJH� VWDWH�GLVWULEXWLRQ�RI�$U� LRQV� WUDQVPLWWHG� WKURXJK������µP�FU\VWDO� XQGHU
WKH�FKDQQHOLQJ�FRQGLWLRQ�ZDV�DOVR�PHDVXUHG��)RU�UDQGRP�LQFLGHQFH��PRVW�RI�WKH�LQFLGHQW
$U����LRQV�ZHUH�LRQL]HG��EXW��D�IUDFWLRQ�RI�VXUYLYHG�$U����LRQV�LQFUHDVHV�WR����SHUFHQW�IRU

����� �SODQDU�FKDQQHOLQJ�FDVH��$W�WKH�VDPH�WLPH��HQHUJ\�GHSRVLWLRQV�RI�$U�LRQV�ZLWK�WKH
H[LW�FKDUJH�RI�����DQG������FKDUJH�IUR]HQ��ZHUH�PHDVXUHG�

���� 2EVHUYDWLRQ�RI�5&(
� � � � 5HVRQDQW� FRKHUHQW� H[FLWDWLRQ� �5&(�� IURP� �V� WR� Q�  � �� VWDWHV� RI� ���� 0H9�X
K\GURJHQ�OLNH� $U� LRQV� SODQDU� FKDQQHOHG� LQ� D� 6L� FU\VWDO� ZDV� REVHUYHG� WKURXJK
PHDVXUHPHQWV� RI� WKH� FKDUJH� VWDWH� GLVWULEXWLRQ�� FRQYR\� HOHFWURQV� DQG� GH�H[FLWDWLRQ� ;�
UD\V�� %\� PHDVXULQJ� WKH� HQHUJ\� GHSRVLWLRQ� LQ� FRLQFLGHQFH� ZLWK� WKH� FKDUJH� VWDWH� RI
WUDQVPLWWHG� LRQV�� WKH� LPSDFW�SDUDPHWHU� GHSHQGHQW� 5&(� SURILOH� ZDV� REWDLQHG�� ZKLFK
UHIOHFWV�WKH�HQHUJ\�OHYHO�VSOLWWLQJ�RI�Q� ���VWDWHV��$�VSOLWWLQJ�EHWZHHQ�/HYHO���DQG���LV�VR
QDUURZ�WKDW�WKH\�ZHUH�QRW�UHVROYHG�LQ� WKH�H[SHULPHQW��7KH�SURILOH�VKRZV�WKDW�WKH�5&(
SUREDELOLW\� EHFRPHV� ODUJHU� DV� WKH� LQFUHDVH� RI� WKH� RVFLOODWLRQ� DPSOLWXGH�� DQG� WKH� 5&(
RFFXUV�PDLQO\� QHDU� WKH� WXUQLQJ� SRLQW� RI� WKH� LRQ� WUDMHFWRU\�� 7KH� UHVRQDQFH� SURILOHV� IRU
FRQYR\� HOHFWURQV� DQG� GH�H[FLWDWLRQ� ;�UD\V� ZHUH� DOVR� REWDLQHG�� ZKLFK� KDYH� GLIIHUHQW
IHDWXUHV�IURP�WKDW�IRU�WKH�FKDUJH�VWDWH��7KLV�UHVXOW�UHIOHFWV�WKH�QDWXUH�RI�Q� ���VWDWH�ZKLFK
DUH�WKH�OLQHDU�FRPELQDWLRQ�RI��V���S[���S\� DQG��S]�VWDWHV��7KH�GRPLQDQFH�RI��V�VWDWH� LQ
/HYHO� �� DQG� �� UHVXOWHG� LQ� WKH� VXSSUHVVLRQ� RI� WKH� OHIW� SHDN� IRU� WKH�;�UD\� SURILOH�� 7KH
DQLVRWURS\� RI� WKH� GH�H[FLWDWLRQ� ;�UD\� HPLVVLRQ� ZDV� QRW� REVHUYHG� WKURXJK� WKH
PHDVXUHPHQW� E\� WZR� GHWHFWRUV� ORFDWHG� RQ� WKH� KRUL]RQWDO� DQG� YHUWLFDO� SODQHV� WR� WKH
FKDQQHO�SODQH�� ,W�FDQ�EH�H[SODLQHG�DV� IROORZV��2QO\� WKH�FKDQQHOHG� LRQV�ZLWK� WKH�VPDOO
RVFLOODWLRQ�DPSOLWXGH�FRQWULEXWH� WR� WKH�;�UD\�SURILOH��EHFDXVH� WKH� LRQL]DWLRQ�SURFHVV� LV
GRPLQDQW� QHDU� WKH� FKDQQHO� ZDOO�� 7KH� IUDFWLRQ� RI� �V�� �S[�� �S\� DQG� �S]� FRPSRQHQWV� LQ



���

/HYHO����/HYHO���DQG� WKH� VWDWH�RI�-� ����� �/HYHO� ��DQG���� LV� DOPRVW��� ���� ����QHDU� WKH
FKDQQHO�FHQWHU��7KHUHIRUH��RQO\�DQ�LVRWURSLF�GLVWULEXWLRQ�RI�;�UD\V�FDQ�EH�REVHUYHG�
� � � � $�0RQWH�&DUOR�VLPXODWLRQ�IRU�DWRPLF�SURFHVV�RI�WKH�FKDQQHOHG�LRQV�XQGHU�WKH�5&(
FRQGLWLRQ�ZDV�SHUIRUPHG��7KH�SUREDELOLW\�RI�WKH�FRKHUHQW�SURFHVV�ZDV�JLYHQ�DW�HDFK�VWHS�
WKDW�LV��WKH�SURFHVV�ZDV�WUHDWHG�DV�¦LQFRKHUHQW�OLNH§��+RZHYHU��WKH�WUDQVLWLRQ�SUREDELOLW\
DQG�WKH�WUDQVLWLRQ�HQHUJ\��ZKLFK�GHSHQG�RQ�WKH�LRQ�SRVLWLRQ��ZHUH�LQFOXGHG�FDOFXODWLQJ
WKH� LRQ� WUDMHFWRU\� H[DFWO\�� $V� D� UHVXOW�� D� JRRG� DJUHHPHQW� ZLWK� WKH� H[SHULPHQWDO
UHVRQDQFH� SURILOHV� IRU� FKDUJH� VWDWH� DQG� GH�H[FLWDWLRQ� ;�UD\V� ZDV� REWDLQHG�� %\� WKH
VLPXODWLRQ��LW�ZDV�FRQILUPHG�WKDW�PRVW�RI�WKH�5&(�WDNH�SODFH�QHDU�WKH�HQWUDQFH�VXUIDFH�
0RUHRYHU��WKH�VLPXODWLRQ�LQGLFDWHV�WKDW�WKH�UDGLDWLYH�GHFD\�SULPDULO\�RFFXUV�LQ�D�UHJLRQ
RI�[�������c��DQG�WKH�LQWUD�VKHOO�WUDQVLWLRQ�ZKLFK�WHQGV�WR�VWLU�WKH�FRPSRVLWLRQ�RI��V���S[�
�S\�DQG��S]�FRPSRQHQWV�PRVWO\�RFFXU�LQ�D�UHJLRQ�RI�[�!�����c��7KDW�LV�WR�VD\��WKH�LQWUD�
VKHOO�WUDQVLWLRQ�KDV�QR�HIIHFW�IRU�WKH�;�UD\�SURILOH��ZKLFK�VXSSRUWV�WKH�DERYH�GLVFXVVLRQ
DERXW�WKH�H[SHULPHQWDO�UHVXOW�
� � � � ,Q�WKH�SUHVHQW�H[SHULPHQW��WKH�HQHUJ\�OHYHO�VSOLWWLQJ�RI�Q� ���VWDWHV��-� �����DQG�-� 
�����ZDV� FOHDUO\� REVHUYHG�� 7KH�PHDVXUHG� UHVRQDQFH� SHDN�ZLGWK� LV� ����� H9�� ZKLFK� LV
PDLQO\� GXH� WR� WKH� HQHUJ\� IOXFWXDWLRQ� DQG� WKH� DQJXODU� GLYHUJHQFH� RI� WKH� LQFLGHQW� LRQ�
8VLQJ�WKH�ILWWLQJ�E\�WKH�*DXVVLDQ�VKDSH�WR�WKH�UHVRQDQFH�SHDN��WKH�WUDQVLWLRQ�HQHUJ\�FDQ
EH�REWDLQHG�ZLWK�D�SUHFLVLRQ�RI������H9�� LI� WKH�DEVROXWH� LRQ�HQHUJ\�LV�GHWHUPLQHG�ZLWK
WKH� SUHFLVLRQ� OHVV� WKDQ� ����×� ��¤��� 7KLV�PHDVXUHPHQW� KDV� D� SRVVLELOLW\� WR� JLYH� D� QHZ
PHWKRG�RI�WKH�DWRPLF�VSHFWURVFRS\��H�J���WKH�GHWHUPLQDWLRQ�RI�WKH��V�/DPE�VKLIW��LQ�WKH
KLJK�SUHFLVLRQ�
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���'HULYDWLRQ�RI�UHODWLYLVWLF�%HWKH©V�VWRSSLQJ�SRZHU�IRUPXOD

� � � � %HWKH�H[WHQGHG�KLV�VWRSSLQJ�SRZHU�IRUPXOD�IRU�UHODWLYLVWLF�LRQV��$SSO\LQJ�WKH�ILUVW
%RUQ�DSSUR[LPDWLRQ��WKH�GLIIHUHQWLDO�FURVV�VHFWLRQ�LQ�(T�������LV�UHZULWWHQ�DV
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ZKLFK�LV�FDOOHG�¦UHODWLYLVWLF�%HWKH©V�IRUPXOD§�

���&KDQQHOLQJ�RI�HOHFWURQV

� � � � ,Q�WKH�FDVH�RI�WKH�FKDQQHOLQJ�RI�LRQV��D�FODVVLFDO�WUHDWPHQW�FDQ�EH�DSSOLHG��+RZHYHU�
LW� LV� QRW� DOZD\V� SRVVLEOH� WR� GHILQH� WKH� FODVVLFDO� WUDMHFWRU\� IRU� FKDQQHOHG� HOHFWURQV
EHFDXVH�RI� WKH�ODUJH�GH�%URJOLH�ZDYH�OHQJWK��7KH�QXPEHU�RI� WKH�TXDQWXP�VWDWH�IRU� WKH
SDUWLFOH�ERXQG�WR�WKH�FKDQQHO�SODQH�LV�JLYHQ�E\
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ZKHUH�S�[�� LV� WKH�PRPHQWXP� FRPSRQHQW� DORQJ� [�D[LV�� DQG�0� LV� D�PDVV� RI� FKDQQHOHG
SDUWLFOH�� $SSUR[LPDWLQJ� WKH� SODQDU� SRWHQWLDO�� 8S�[��� DV� WKH� KDUPRQLF� RVFLOODWRU� W\SH
SRWHQWLDO�ZLWK�XVLQJ�WKH�UHODWLRQ�RI�(T���������8S�[��LV�H[SUHVVHG�DV
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,Q�WKH�FDVH�RI�D[LDO�FKDQQHOLQJ��WKH�QXPEHU�RI�WKH�VWDWH�LV�JLYHQ�E\
QD� �QS�QS��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �$����
ZKHUH�QS��DQG�QS��DUH�WKH�QXPEHUV�RI�WKH�TXDQWXP�VWDWH�IRU�SODQDU�FKDQQHOLQJV�WKDW�WKH
SODQHV�LQFOXGLQJ�WKH�QRWLFHG�D[LV�DUH�RUWKRJRQDO��7KH�WUDMHFWRU\�RI�WKH�FKDQQHOHG�SDUWLFOH
FDQ�EH�FODVVLFDOO\�GHILQHG�IRU�QS��RU�QD��PXFK�ODUJHU�WKDQ�XQLW\��,I�QS��QD��DSSURDFKHV�WR
XQLW\�� WKH� HOHFWURQ� GLIIUDFWLRQ� HIIHFW� EHFRPHV� LPSRUWDQW�� 6SDWLDO� GLVWULEXWLRQV� RI
WUDQVPLWWHG��D������0H9�SURWRQV�DORQJ�*H�����!�D[LV�DQG��E���0H9�HOHFWURQV�DORQJ�&X
����!�D[LV�DUH�VKRZQ�LQ�)LJ�$����:H�FDQ�VHH�WKH�FKDUDFWHULVWLF�¦VWDU�SDWWHUQ§��ZKLFK�LV
VHHQ� IRU� FODVVLFDOO\� FKDQQHOHG� SDUWLFOHV�� LQ� FDVH� �D��� 2Q� WKH� FRQWUDU\�� WKH� GLIIUDFWLRQ
SDWWHUQ�DSSHDUV�LQ�WKH�FDVH��E���7KH�QXPEHUV�RI�WKH�TXDQWXP�VWDWHV�IRU�WKH�FDVH��D��DQG
�E�� DUH� ∼���� DQG� ∼����� UHVSHFWLYHO\�� 7KH� YDOXH� IRU� WKH� FODVVLILFDWLRQ� EHWZHHQ� WKH
FKDQQHOLQJ�DQG� WKH�GLIIUDFWLRQ�ZDV�GHWHUPLQHG� WR�QD�∼�� IURP� WKH� H[SHULPHQWDO� UHVXOWV�
ZKLFK�GHSHQGV�PRUH�RU�OHVV�RQ�WKH�NLQG�RI�D[LV�>��@�
� � � � 7KH� HOHFWURQ� SHQHWUDWLQJ� D� FU\VWDO� LV� GHVFULEHG� DV� WKH� OLQHDU� FRPELQDWLRQ� RI� WKH
%ORFK�ZDYHV��)RU�KLJK�HQHUJ\�HOHFWURQ��L�H���QS�RU�QD�!!���PDQ\�%ORFK�ZDYHV�DUH�H[FLWHG�
DQG�WKH�FODVVLFDO�GHVFULSWLRQ�LV�SHUPLWWHG��3ODQHU�SRWHQWLDOV�IRU�SRVLWURQ�DQG�HOHFWURQ�DUH
VKRZQ� LQ�)LJ�$����7KH�SRWHQWLDO�GLS� IRU�SRVLWURQV� LV� LQYHUWHG� WR� WKH�SRWHQWLDO�SHDN� IRU
HOHFWURQV��7KHUHIRUH��FKDQQHOHG�HOHFWURQV�ZLWK�VPDOO�RVFLOODWLRQ�DPSOLWXGHV�VSHQG�D�ORQJ
WLPH�QHDU�WKH�FKDQQHO�ZDOO��DQG�ORRVH�PRUH�HQHUJLHV�FRPSDUHG�ZLWK�WKH�UDQGRP�LQFLGHQW
FDVH�� 2Q� WKH� FRQWUDU\�� WKH� HQHUJ\� ORVV� RI� FKDQQHOHG� HOHFWURQ� ZLWK� ODUJH� RVFLOODWLRQ
DPSOLWXGHV�LV�VPDOOHU�WKDW�WKDW�IRU�UDQGRP�LQFLGHQFH��)RU�ORZ�HQHUJ\�FDVH��L�H���QS�RU�QD

≤���RQO\�WZR�%ORFK�ZDYHV�DUH�HIIHFWLYHO\�H[FLWHG�>�����@��2QH�RI�WKHP�KDV�QRGHV�RQ�WKH
FKDQQHO�ZDOO��DQG�WKH�RWKHU�KDV�QRGHV�RQ�WKH�FKDQQHO�FHQWHU��7KH�IRUPHU�DQG�WKH�ODWWHU
UHVXOW�LQ�WKH�DEQRUPDO�WUDQVPLVVLRQ�DQG�DEVRUSWLRQ��UHVSHFWLYHO\�
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)LJ�$���3ODQDU�SRWHQWLDO�IRU��D��SRVLWURQ�DQG��E��HOHFWURQ�
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